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Preface

This is a textbook for a first- or second-year graduate course for electrical and com-
puter engineering (ECE) students in the area of digital image and video processing
and coding. The course might be called Digital Image and Video Processing (DIVP)
or some such, and has its heritage in the signal processing and communications areas
of ECE. The relevant image (and video) processing problems can be categorized as
image-in/image-out, rather than image-in/analysis-out types of problems. Though for
this second edition, we have broadened our coverage by adding introductory material
on image analysis.

The required background is an undergraduate digital signal processing (DSP)
course and a course in probability. In addition, some knowledge of random processes
and information theory is required for some sections. So in this second edition, we
have added introductory material on random processes and information theory in
chapter appendices. In addition to its role as a graduate text, the book is also suitable
for self-study by graduate engineers with a communications and signal processing
background.

The DIVP course at Rensselaer Polytechnic Institute has been offered for the last
20 years, now on an alternate year basis, having started as a course in multidimen-
sional DSP. Over the years we brought in an emphasis first on image processing and
coding, and then on video, and finally, some coverage of network transmission of
video. The book, as well as the DIVP course, starts out with two-dimensional (2-D)
signal processing theory, including 2-D systems, partial difference equations, Fourier
and Z-transforms, filter stability, discrete transforms such as DFT and DCT and their
fast algorithms, ending up with 2-D or spatial filter design. We also introduce the sub-
band/wavelet transform (SWT) here, along with coverage of the DFT and DCT. This
material is contained in the first five chapters and constitutes the first part of the book.
However, there is also a later chapter on 3-D and spatiotemporal signal processing,
strategically positioned between the image and the video processing chapters.

The second part of the book, comprising the remaining seven chapters, covers
image and video processing and coding, along with the introduction to video trans-
mission on networks. We start out with image perception and sensing, followed by
basic filters for image processing, and then treat image enhancement and image anal-
ysis. This is followed by four individual chapters on estimation/restoration and source
coding, first for images and then for video. The final chapter on network transmission
summarizes basic networking concepts and then goes on to consider effects of packet
loss and their amelioration.

This paragraph and the next provide detailed chapter information. Starting out the
first part, Chapter 1 introduces 2-D systems and signals along with the BIBO stability
concept, Fourier transform, and spatial convolution. Chapter 2 covers sampling and
considers both rectangular and general regular sampling patterns, e.g., diamond and
hexagonal sample patterns. Chapter 3 introduces 2-D difference equations and the Z
transform including recursive filter stability theorems. Chapter 4 treats the discrete
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Fourier and cosine transforms along with their fast algorithms and briefly covers
2-D sectioned-convolution. We also introduce the ideal subband/wavelet transform
(SWT) here, postponing its design problem to the next chapter. Chapter 5 covers
2-D filter design, mainly through the separable and circular window method, but also
introducing the problem of 2-D recursive filter design, along with some coverage of
general or fully recursive filters.

The second part of the book, the part on image and video processing and coding,
starts out with Chapter 6, which presents basic concepts in human visual perception
and color space, as well as basic coverage of common image sensors and displays.
Chapter 7 first covers the basic image processing filters: box, Prewitt, and Sobel, and
then employs them for simple image enhancement. The chapter also includes basic
image analysis, including edge detection and linking, image segmentation, object
detection, and template matching.

Chapter 8 covers image estimation and restoration, including adaptive or inhomo-
geneous approaches, and an introduction to image- and blur-model parameter
identification via the EM algorithm. We also include material on compound Gauss-
Markov models and their MAP estimation via simulated annealing. We look at new
approaches such as Gaussian scale mixtures and nonlocal estimators. Chapter 9
covers image compression built up from the basic concepts of transform, scalar and
vector quantization, and variable-length coding. We cover basic DCT coders and
also include material on fully embedded coders such as EZW, SPIHT, and EZBC
and introduce the main concepts of the JPEG 2000 standard. Then Chapter 10 on
three-dimensional and spatiotemporal or multidimensional signal processing
(MDSP) extends the 2-D concepts of Chapters 1-5 to the 3-D or spatiotemporal
case of video. Also included here are rational system models and spatiotemporal
Markov models culminating in a spatiotemporal reduced-update Kalman filter. Next,
Chapter 11 studies motion estimation including block matching, variable size block
matching, optical flow, and mesh-based matching, and the techniques of motion
compensation. Applications include motion-compensated Kalman filtering, frame-
rate change, and deinterlacing. The chapter ends with the Bayesian approach to
joint motion estimation and segmentation, and a new section on super-resolution.
Chapter 12 covers video compression with both hybrid and spatiotemporal trans-
form approaches and includes coverage of video coding standards such as MPEG 2
and H.264/AVC. This second edition includes coverage on the new scalable video
standard H.264/SVC and the 3-D stereoscopic standard H.264/MVC. We include
coverage of highly scalable coders based on the motion-compensated temporal filter
(MCTF).

Finally, Chapter 13 is devoted to video on networks, starting out with network
fundamentals to make the chapter accessible to signal processing and commu-
nication graduate students without a networking background. The chapter then
proceeds to robust methods for network video. We discuss error-concealment fea-
tures in H.264/AVC. We include methods of error concealment and robust scalable
approaches using MCTF and embedded source coding. We present multiple descrip-
tion coding in combination with forward error correction as an efficient way to deal
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with packet losses. This second edition now includes basic introductory material for
practical network coding. We look at combinations of multiple description coding
and network coding for efficient heterogeneous multicast.

This book also has an associated Web site (http://elsevierdirect.com/
9780123814203) that contains many short MATLAB programs that complement
examples and exercises on MDSP. There is also a .pdf document on the site that
contains high-quality versions of all the figures and images in the book. There are
numerous short video clips showing applications in video processing and coding.
The Web site has a copy of the vidview video player for playing .yuv video files
on a Windows PC. Other video files can generally be decoded and played by the
commonly available media decoder/players. Also included is an illustration of effect
of packet loss on H.264/AVC coded bitstreams. (Your media decoder/player would
need an H.264/AVC decoder component to play these, however, some .yuv files are
included here in case it doesn’t.)

This textbook can be utilized in several ways depending on the course level and
desired learning objectives. One path is to first cover Chapters 1-5 on MDSP, and
then go on to Chapters 6 through 9 to cover image processing and coding, followed
by some material on video processing and coding from later chapters, and this is
how we have most often used it at Rensselaer. Alternatively, after Chapters 1-5,
one could go on to image and video processing in Chapters 6—8 and 10-11. Or, and
again after covering Chapters 1-5, go on to image and video compression in Chapter
6-7, 9—-10, and 12. The network transmission material from Chapter 13 could also
be included, time permitting. To cover the image and video processing and coding
in Chapters 6-12 in a single semester, some significant sampling of the first five
chapters would probably be needed. One approach may be to skip (or very lightly
cover) Chapter 3 on 2-D systems and Z transforms and Chapter 5 on 2-D filter
design, but cover Chapters 1, 2, and part of Chapter 4. Still another possibility is to
cover Chapters 1 and 2, and then move on to Chapters 6—12, introducing topics from
Chapters 3-5 only as needed. An online solutions manual will be made available
to instructors at http://textbooks.elsevier.com with completion of registration in the
Electronics and Electrical Engineering subject area.

John W. Woods

Rensselaer Polytechnic Institute
Troy, New York

Spring 2011
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CHAPTER

Two-Dimensional Signals
and Systems

This chapter sets forth the main concepts of two-dimensional (2-D) signals and sys-
tems as extensions of the linear systems concepts of 1-D signals and systems. We
concentrate on the discrete-space case of digital data, including the corresponding
2-D Fourier transform. We also introduce the continuous-space Fourier transform
to deal with angular rotations and prove the celebrated projection-slice theorem of
computer tomography. In later chapters we will encounter the central role of motion
compensation in image sequences and video, where motion is often not an exact
number of pixels, which makes the interplay of discrete parameters and continu-
ous parameters quite important. While this first chapter focuses on discrete space,
Chapter 2 focuses on sampling of 2-D continuous-space functions.

TWO-DIMENSIONAL SIGNALS

A scalar 2-D signal s(n1,n2) is mathematically a complex bi-sequence, or a mapping
of the 2-D integers into the complex plane. Our convention is that the signal s is
defined for all finite values of its integer arguments ny,n, using zero padding as nec-
essary. Occasionally we will deal with finite extent signals, but we will clearly say so
in such instances. We will adopt the simplified term sequence over the more correct
bi-sequence.

A simple example of a 2-D signal is the impulse 5(n1,n3), defined as follows:

a |1 for (ny,n2) =(0,0),
pmoma) = {0 for (n1,n2) # (0,0),

a portion of which is plotted in Figure 1.1-1.
A general 2-D signal can be written as an infinite sum over shifted impulses,
which will be found useful later:

x(mun2) = xtkka)d(m — ki na — ko), (L1-1)

ky.ka
where the summation is taken over all integer pairs (ki,k7). By the definition of the
2-D impulse, for each point (n1,n7), there is exactly one term on the right side that is

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00001-1 1
(© 2012 Elsevier Inc. All rights reserved.
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0.8 4

0.6

FIGURE 1.1-1
MATLAB plot of 2-D spatial impulse bi-sequence §(ny,nz).

nonzero, the term x(n1,n7) - 1, and hence the result (1.1-1) is correct. This equality is
called the shifting representation of the signal x.
Another basic 2-D signal is the impulse line, e.g., a straight line at 45°,

1, ni=ny,
S(H]_HZ)Z{O ellse. ’

A portion of this line is sketched in Figure 1.1-2.

We can also consider line impulses at 0°, 90°, and —45° in discrete space, but
other angles give “gaps in the line.” Toward the end of this chapter, we will look at
continuous-space signals; there the line impulse can be at any angle.

Another basic 2-D signal class is step functions, perhaps the most common of
which is the first-quadrant unit step function u(ny,nz), defined as follows:

a1, n1=0,n>0,
u(ni,ny) = {(), elsewhere.

A portion of this bi-sequence is plotted in Figure 1.1-3.

Actually, in two dimensions, there are several step functions of interest. The one
shown in Figure 1.1-3 is called the first quadrant unit step function and is more
generally denoted as uy 4 (ny,n7).
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FIGURE 1.1-2

A portion of the unit impulse line 8(n; — ny) at 45°.

FIGURE 1.1-3

A portion of the unit step bi-sequence u(ni,ny).
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FIGURE 1.1-4
A portion of the second quadrant unit step bi-sequence u_ (ny,ny).

We will find it convenient to use the word support to denote the set of all argument
values for which the function is nonzero. In the case of the first quadrant unit step
uy4(ny,ny), this becomes

supp(u4+) = {n1 > 0,n2 > 0}.

Three other unit step functions can be defined for the other three quadrants. They
are denoted u_, u;_, and u__, with support on the second, fourth, and third quad-
rants, respectively. A plot of a portion of the second quadrant unit step is shown in
Figure 1.1-4. We often write simply 44+ = u for the first quadrant unit step. Later,
we will also find it convenient to talk about halfplane support unit steps defined
analogously.

A real example of a finite support 2-D sequence is the image Eric shown in three
different ways in Figures 1.1-5 through 1.1-7. The first, Figure 1.1-5, is a contour
plot of Eric, a 100- x 76-pixel, 8-bit grayscale image. The second, Figure 1.1-6, is
a perspective (or mesh) plot. The third, Figure 1.1-7, is an image (or intensity) plot,
with the largest value being white and the smallest value being black.

Separable Signals
A separable signal (sequence) satisfies the equation

x(ny,nm) =x1(n)x2(np) forall ny and ny,
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FIGURE 1.1-5

A contour plot of Eric.
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FIGURE 1.1-6

A mesh plot of Eric.
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FIGURE 1.1-7
An intensity plot of Eric.

for some 1-D signals x1(n1) and x2(n7). If we think of the finite support case, where
x(n1,n2) can be represented by a matrix, then xj(n1) and x;(n2) can be represented
as column and row vectors, respectively. So, we see that separability is the same
as saying that the matrix X can be written as the outer product X :xlxg , which
is the same as saying that the matrix X has only one singular value in its singular
value decomposition (SVD).! Clearly, this is very special. Note that while an N x N
matrix X has N2 degrees of freedom (number of variables), the outer product xlxg
has only 2N degrees of freedom. Nevertheless, separable signals play an important
role in multidimensional signal processing (MDSP) as representation bases (e.g.,
Fourier transform) and simple filter impulse responses. A “real” image, like Eric in
Figure 1.1-7, regarded as a 100 x 76 matrix would have extremely many terms in its
SVD, i.e., highly nonseparable.

Periodic Signals

A 2-D sequence x(n1,n2) is periodic with period (N1, N»), also written as N1 x N», if
the following equalities hold for all integers njand ny:

x(ny,n2) = x(ny + Ny,n2),
=x(ny,n2 +Na),

where N1 and N, are positive integers.

IThe SVD is a representation of a matrix in terms of its eigenvalues and eigenvectors and is written for
a real square matrix as X = ZkieieiT, where the X; are the eigenvalues and the e; are the eigenvectors
of X.
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The period (N1,N>) defines a 2-D grid (either spatial or space-time) over which
the signal repeats or is periodic. Since we are in discrete space, the period must be
composed of positive integers. This type of periodicity occurs often for 2-D sig-
nals and is referred to as rectangular periodicity. We call the resulting period the
rectangular period.

L
Example 1.1-1: A Periodic Signal

An example is the signal sin(2wn; /8 4+ 27 ny /16), for which the rectangular period is easily
seen to be (8,16). A separable signal with the same period is sin(2wn;/8) sin(2wny/16).
If, however, we remove the factor 2z in the arguments, then we get sin(n;/8 4+ ny/16)
and sin(n; /8) sin(n/16), neither of which is periodic at all! This is because we only allow
integer values n; and ny in discrete-parameter signal space. ||

Given a periodic function, the period effectively defines a basic cell in the plane,
which can be repeated to form the function over all integers n; and ny. As such, we
often want the minimum size unit cell for efficiency of both specification and storage.
In the case of the rectangular period, we seek the smallest nonzero integers that will
suffice for N; and N, to form this basic cell.

|
Example 1.1-2: Horizontal Wave
Consider the sine wave

x(ny,np) = sin(2mwny /4).

The horizontal period is Ny = 4. In the vertical direction, the signal is constant though. So
we can use any positive integer N, and we choose the smallest such value, Ny = 1. Thus
the rectangular period is Ny x N =4 x 1, and the basic cell consists of the set of points
{(n1,n2) =[(0,0),(1,0),(2,0),(3,0)]} or any translate of this set. [ |

General Periodicity

There is a more general definition of periodicity that we will encounter from time
to time in this text. It is a repetition of blocks, not necessarily rectangular blocks
or blocks occurring on a rectangular repeat grid. For the general case, we need to
represent the periodicity with two integer vectors, Ny and N»:

Ni N
N = and Ny = .
=[] o= [
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Then we can write that the 2-D signal x(n1,n,) is general periodic with period
(N1,N2) £ N if the following equalities hold for all integers n; and ny:

x(ny,n2) = x(n1 + Nii,n2 + Nap)
=x(n1 +Niz,n2 +N»).
To avoid degenerate cases, we restrict the integers N;; with the condition
det(N1,N2) #0.

The matrix N is called the periodicity matrix. In matrix notation, the correspond-
ing periodic signal satisfies

x(n) =x(n+Nr)

. r . .
for all integer vectors r = (rl)' In words, we can say that the signal repeats itself at
2

all multiples of the shift vectors N and N5.

|
Example 1.1-3: General Periodic Signal

An example is the signal sin[27(n;/8+ny/16)], which is constant along the line
2n1 + ny = 16. We can compute shift vectors Ny = (g) and N, = ( 12). [ |

We note that the special case of rectangular periodicity occurs when the periodic-
ity matrix N is diagonal, for then
N1 0
1ol

and the rectangular period is (N1,N>), as above. Also in this case, the two period
vectors N = (A(;l> and N, = (18 ) lie along the horizontal and vertical axes,
2

respectively.

|
Example 1.1-4: Cosine Wave

Consider the signal g(ny,ny) = cos2m (finy +fany) = coseran. In continuous space, this
signal is certainly periodic, and the rectangular period would be N; x N, with period

—1
vectors N| = (f‘O ) and Np = <f01>' However, this is not a correct answer in discrete
2

space unless the resulting values ffl and f{l are integers. Generally, if /i and f, are
rational numbers, we can get an integer period as follows: N; :pifl._l, where f; = pi/qi,
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i =1,2. If either of the f; are not rational, there will be no exact rectangular period for
this cosine wave. Regarding general periodicity, we are tempted to look for repeats in the
direction of the vector (fi,/2)T since f7n is maximized if we increment the vector # in this
direction. However, again we have the problem that this vector would typically not have
integer components. We are left with the conclusion that common cosine and sine waves
are generally not periodic in discrete space, at least not exactly periodic. The analogous
result is also true, although not widely appreciated, in the 1-D case. [ |

2-D Discrete-Space Systems

As illustrated in Figure 1.1-8, a 2-D system is defined as a general mathematical
operator T that maps each input signal x(n1,n;) into a unique output signal y(ny,n2).
In equations we write

y(n1,n2) =T[x(n1,n2)],

where we remind the signals are assumed to be defined over the entire 2-D dis-
crete space (—00,+00) X (—00,+00), unless otherwise indicated. There is only one
restriction on the general system operator T: it must provide a unique mapping; that
is, for each input sequence x there is only one output sequence y. Of course, two
input sequences could agree only over some area of the plane, but differ elsewhere.
Then there can be different output y’s corresponding to these two inputs, since these
two inputs are not equal everywhere. In mathematics, an operator such as T is just
the generalization of the concept of function, where the input and output spaces are
now sequences instead of numbers. The operator T may have an inverse or not. We
say that T is invertible if to each output sequence y there corresponds only one input
sequence x (i.e., the output determines the input). We denote the inverse operator, if
it exists, by T

x(ny, ny) y(nq, ny)
— T} —

FIGURE 1.1-8
A general 2-D discrete-space system.

|
Example 1.1-5: Some Simple Systems
Consider the following:

(@) y(ni,n2) = Tlx(n1,n2)] = 2x(n1,n2)

(b) y(n1,m) = Tlx(n1,n2)] = x*(ny,m2) + 3x(ny,n2) +5
(€) y(ni,n2) = Tlx(n1,n2)] = 3x(n1,n2) +5

(@) y(r1.m2) = Tlx(n1,m2)] = Sx(ny,nm2) +x(m — 1,m2)]
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We note by inspection that the 2-D system operators given in items (a) and (c) are
invertible, while that given in item (b) is not. The system given by item (d) has memory
while those in items (a)-(c) do not. If we call (n;,ny) the present, then a memoryless
system is one whose present output only depends on present inputs. ||

A special case of the general 2-D system is the linear system (Definition 1.1-1).

|
Definition 1.1-1: Linear System

A 2-D discrete system is linear if the following equation holds for all input-output sequence
pairs x; — y; and all scaling constants a;:

Llayxi(n1,n) +axxz(n1,n2)] = aiL[x1 (n1,n2)] + a2 L [x2 (n1,m2)],

where we have denoted the linear operator by L. [ |

As in 1-D signal processing, linear systems are very important to the theory of
2-D signal processing. The reasons are the same: (1) we know the most about linear
systems, (2) approximate linear systems arise a lot in practice, and (3) many adaptive
nonlinear systems are composed of linear blocks, designed using linear system theory.
In the previous example, systems (a) and (d) are linear by this definition. A simple
necessary condition for linearity is that the output doubles when the input doubles,
and this rules out systems (b) and (c).

|
Definition 1.1-2: Shift Invariance

A system T is shift-invariant if for an arbitrary input x, any finite shift of x produces the
identical shift in the corresponding output y. That is, if T[x(n1,n2)] = y(n1,n3), then for all
(integer) shifts (mq,my) we have T[x(n| —myi,ny —my)] = y(ny — my,ny —my). [ |

Often we think in terms of a shift vector, denoted m = (m1,m)T. In fact, we can
just as well write the preceding two definitions in the more compact vector notation as
linearity: Llaixi(n) +axxa(n)] = aiL[x1(m)] 4+ a2l [x2(n)]
shift invariance: T [x(rn —m)] = y(n — m) for all integer shift vectors m

The vector notation is very useful for 3-D systems, such as those occurring in video
signal processing (see Chapter 11).

2-D Convolution

Shift invariant linear systems can be represented by convolution. If a system is linear
shift-invariant (LSI), then we can write, using the shifting representation (1.1-1),

y,m) =L | Y x(ki,ka)8(n1 —ki,ny —k2)
kika
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= > x(ki, k)L [8(n1 — ki.ny — k)]
ky k2

= Zx(kl,kz)h(nl —ki,n2 —ka),
ky.ka

where the sequence 4 is called the LSI system’s impulse response, defined as
h(ny,ny) 215 (n1,n2)]. We define the 2-D convolution operator * as

() (ni,m) 2 x(ki,ko)h(ny —ki,ny —ka). (1.1-2)
ki.ko

It then follows that for a 2-D LSI system we have

y(n1,n2) = (x*h)(ny,n2)
= (h*x)(n1,ny),

where the latter equality follows easily by substitution in (1.1-2). Again, we remind
that all the summations over &g,k range from —oo to 400.

Properties of 2-D Convolution or Convolution Algebra
1. Commutativity: x*y =y *x

2. Associativity: (x*y) *z=x% (y*2)

3. Distributivity: x* (y+2) =x*y+x%* 2

4. Identity element: §(n,ny) with property & *x = x

5. Zero element: 0(n1,n2) = 0 with property 0sx =02

All of these properties of convolution hold for any 2-D signals x, y, and z, for which
convolution is defined (i.e., for which the infinite sums exist).

|
Example 1.1-6: Spatial Convolution

In Figure 1.1-9, we see an example of 2-D or spatial convolution. The impulse response
h has been reversed or reflected through the origin in both parameters to yield h(ny — &,
ny — k»), shown in this k; x k» plane figure for ny = ny = 0. This sequence is then shifted
around the k; x kp plane via integer vector shifts (ny,n7), and then a sum of products is
taken with input x(k1, k) to give output y(ni,n). [ |

In general, for signals with rectangular support, we have the following result for
the support of their convolution:

If supp(x) = Ny x Ny and supp(h) = M| x M>,
then supp(y) = (N1 + M1 — 1) x (No +M> — 1).

2Note that 0 here is the zero sequence defined as 0(ny,n2) = 0 for all (ny,ny).
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n;

mn

FIGURE 1.1-9
An example of 2-D or spatial convolution.

For signals of non rectangular support, this result can be used to rectangularly bound
the support of the output.

Stability in 2-D Systems

Stable systems are those for which a small change in the input gives a small change
in the output. As such, they are very useful in applications. We can mathematically
define bounded-input bounded-output (BIBO) stability for 2-D systems analogously
to that in 1-D system theory. A spatial or 2-D system will be stable if the response
to every uniformly bounded input is itself uniformly bounded. It is generally very
difficult to verify this condition, but for an LSI system the condition is equivalent to
the impulse response being absolutely summable; that is,

> Ih(ky k)| < oo (1.1-3)

ki.k2

|
Theorem 1.1-1: LSI Stability

A 2-D LSI system is BIBO stable if and only if its impulse response h(ny,n;) is absolutely
summable.

Proof We start by assuming that (1.1-3) is true. Then, by the convolution representation,
we have

yu,m)| = | Y hlki ka)x(ny — kiny — ko)
ky.k2
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< > Ihtki k) x(y — ki,my — ko)
k1.,ko

< (Z |h<k1,kz)|) max |x(n1,n)| < 00,

ky.ky

for any uniformly bounded input x, thus establishing sufficiency of (1.1-3). To show neces-
sity, following Oppenheim and Schafer [1] in the one-dimensional case, we can choose the
uniformly bounded input signal x(ny,ny) = exp —jé(—ny, —ny), where 6(ny,n;) is the argu-
ment function of the complex function h(n,ny); then the system output at (ny,n,) = (0,0)
will be given by (1.1-3), thus showing that absolute summability of the impulse response
is also necessary for a bounded output. Having shown both sufficiency and necessity, we
are done. [ |

In mathematics, the function space of absolutely summable 2-D sequences is often
denoted /', so we can also write i € [! as the condition for an LSI system with impulse
response i to be BIBO stable. Thus, this well-known 1-D mathematical result [1]
easily generalizes to the 2-D case.

2-D DISCRETE-SPACE FOURIER TRANSFORM

The Fourier transform is important in 1-D signal processing because it effectively
explains the operation of linear time-invariant (LTT) systems via the concept of fre-
quency response. This frequency response is just the Fourier transform of the system
impulse response. While convolution provides a complicated description of the LTI
system operation, where generally the input at all locations n affects the output at all
locations, the frequency response provides a simple interpretation as a scalar weight-
ing in the Fourier domain, where the output at each frequency w depends only on the
input at that same frequency. A similar result holds for 2-D systems that are LSI, as
we show in the following discussions.

[
Definition 1.2-1: 2-D Fourier Transform
We define the 2-D Fourier transform as follows:

+0o0
X(w1,02) £ Y x(n1,m) exp—j(@ing +winy). (1.2-1)

n_lgloz
The radian frequency variable w; is called horizontal frequency, and the variable w,
is called vertical frequency. The domain of (w1,w;) is the entire plane (—o0,+00) x
(—00,+00) £ (=00, +00)2. [ |
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One of the easy properties of the 2-D Fourier transform is that it is periodic with
rectangular period 2w x 2, a property originating from the integer argument values
of n1 and ny. To see this property simply note

X(wi £ 27, w7 & 27)

+o00
> x(ni,my) exp—jl(wy £ 2m)n1 + (w2 % 2m)ny]

ny,ny
—0Q

+00

E x(n1,n2) exp —jw1n1 exp —j2mny exp —jwany exp —j2mwny
ny,ny
—0Q

+o00
= Z x(n1,m2) (exp—jwiny) - 1 - (exp —jwanz) - 1

n,n
—00

=X(w1,w3).

Thus the 2-D Fourier transform only needs be calculated for one period, usually
taken to be [—m,+m] X [—m,+m]. It is analogous to the 1-D case where the Fourier
transform X (w) has period 277 and is usually just calculated for [—7,+]. Upon close
examination, we can see that the 2-D Fourier transform is closely related to the 1-D
Fourier transform. In fact, we can rewrite (1.2—-1) as

X(w1,02) =Y Y x(n1,nm)exp—j(@in + wony)

ny n

=Y x(n,m)exp—j(@ini +winz)

ny np

= Z |:Zx(n1 ,N2) eXp —jw1n1:| exp —jwony

ny ny

=Y X(w13nm2) exp—jwrny,

ny

where X(w1;n3) £ an x(n1,n2)exp —jwini, the Fourier transform of row ny. In
words, we say that the 2-D Fourier transform can be decomposed as a set of 1-
D Fourier transforms on all the rows of x, followed by another set of 1-D Fourier
transforms on the columns X(w;;ny) that result from the first set of transforms. We
call the 2-D Fourier transform a separable operator, because it can be performed as
the concatenation of 1-D operations on the rows followed by 1-D operations on the
columns, or vice versa. Such 2-D operators are common in MDSP and offer great
computational simplification when they occur.
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The Fourier transform has been studied for convergence of the infinite sum in
several senses. First, if we have an absolutely sumable signal, then the Fourier
transform sum will converge in the sense of uniform convergence; as a result, it
will be a continuous function of w; and wy. A weaker form of convergence of the
Fourier transform sum is mean-square convergence [2]. This is the type of con-
vergence that leads to a Fourier transform that is a discontinuous function. A third
type of convergence is as a generalized function, such as §(w1,w;), the 2-D Dirac
delta function. It is used for periodic signals such as cos2m (a1n1 4+ apnz), whose
Fourier transform will be shown to be the scaled and shifted 2-D Dirac impulse
(2n)28(w1 —a1,wy —ap) when |a| < and |a2| < 7, and when attention is limited
to the unit cell [—m,+7] X [—m,47]. Outside this cell, the function must repeat.

In operator notation, we can write the Fourier transform relation as

X = FT[x],

indicating that the Fourier transform operator FT maps 2-D sequences into 2-D func-
tions X that happen to be continuous-parameter and periodic functions with period
21 x 27w,

|
Example 1.2-1: Fourier Transform of Rectangular Pulse Function
Let

1 0<nm<Ni—1,0<nm<N;—1

x(ny,mp) = 0 else

Then its 2-D Fourier transform can be determined as

Ni—1Ny—1
X(@i,0)= Y Y lexp—j(@in +wm)
n1=0 npy=0
Ni—1 Ny—1
= Z exp —jwin] Z exp —wony
n;=0 np=0

1 — e J@1N1 1 — e~J02N2
( 1 —e 1 )( 1 —eJo2 )
_ o1y =02 SN2 ) (v, -1y 2 SIN@2N2 /2

sinwy /2 sinwy /2

_ oo Ny =)/ 24n (N —1)/2] SN@IN1/2 sinwaN2 /2
sinwy /2 sinwp/2

where the second to last line follows by factoring out the indicated phase term from each
of the two factors in the line above, and then using Euler’s equality sinf = zij(eﬂ’ —e %)
in top and bottom terms of each factor. We see the result is just the product of two



16

CHAPTER 1 Two-Dimensional Signals and Systems

1-D Fourier transforms for this separable and rectangular 2-D pulse function. If N; and
N, are odd numbers, we can shift the pulse to be centered on the origin (0,0) and
thereby remove the linear phase shift term out in front, corresponding to a shift (delay)
of (%(N] -1, %(Nz - 1)). However, because of the way we have written the signal x as
starting at (0,0), there remains this linear phase shift. A contour plot of the log magnitude
of this function is provided in Figure 1.2-1, and the corresponding 3-D perspective plot is
shown in Figure 1.2-2. Both of these plots were produced with MATLAB. ||

|
Example 1.2-2: Fourier Transform of Line Impulse
Consider a line impulse of the form

I, m=mn,

x(ny,mp) =8(n; —ny) = 0. else

which is a line of slope 1 in the n; x ny plane or an angle of 45°. We can take the Fourier
transform as

X(o1.02) = Y 8(n1 —n)exp—j(@ins + wyny) (12-2)

ny,ny
+o00

= Y exp—joiniexp—jornm
np=—0oo
+o00

= Z exp —j(w1 +w2)n
np=-—0oo

=278(w1 +wy) for (w1,w2) € [—71,+7]%, (1.2-3)

which is a Dirac impulse line in the 2-D frequency domain, along the line w; = —w;.
Thus the Fourier transform of an impulse line is a Dirac impulse line in the 2-D frequency
domain. Note that the angle of this line is that of the spatial domain line plus/minus 90°;
that is, the two lines are perpendicular to one another. Why is this result reasonable? 1

Inverse 2-D Fourier Transform

The inverse 2-D Fourier transform is given as

1
x(ny,np) = o2 / X(w1,w2) exp+ j(winy + wang) dwidw,.
[—7m, 47 x[—m,+7]
(1.2-4)

Note that we only integrate over a “unit” cell [—7,+7] X [—m,47] in the w| X w>
frequency domain. To justify this formula, we can plug in (1.2-1) and interchange
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FIGURE 1.2-1

N> =50.

Zoomed-in contour plot of log magnitude of 2-D rectangular sinc function with

Ny

FIGURE 1.2-2

3-D perspective plot of log magnitude of 2-D rectangular sinc function.
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the order of summation and integration, just as done in the 1-D case. Alternatively,
we can use the fact that the 2-D FT is a separable operator and just use the known
results for transform and inverse in the 1-D case to arrive at this same answer for the
inverse 2-D Fourier transform. In operator notation, we denote the inverse Fourier
transform as IFT and write

x = IFT[X].

A 2-D proof of this result follows closely the 1-D result [1]. First, we insert
(1.2-1) into (1.2—4) to obtain

+o0
1 .
x(ni,n2) = o2 / Y x(i,h)exp—j(@ili +wib)
[, +r]x[—n,+7] llgé
x exp+j(win + wyny) dwdw;
Sl
= X N
1,02 )2
Iz [-7+r]x[—7,+7]
xexp+ jloi(n — 1) + wa(n2 — h)ldwidw
1 :
=D xb) | | 5= exp+ jor (m1 — 1) doy
Il [—7,+7]
1 :
X | — / exp—+ jwa(ny — ) dws
2w
[-7m.+7]
Now,
1 exp+ jom T sinm
- / exp + jom dw =.—J‘ — — 5(m),
27 J2rrm Tm
[—m,+m]

so substituting this result in the above equation yields

x(ny,np) = Zx(ll,l2)5(ll)5(12)
1.l

=x(ny,n2)

as was to be shown.
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A main application of 2-D Fourier transforms is to provide a simplified view of
spatial convolution as used in linear filtering, our next topic.

Fourier Transform of 2-D or Spatial Convolution

[
Theorem 1.2-1: Fourier Convolution Theorem
If
y(ni,np) = h(ny,np) *x(ny,ny),
then
Y(w1,w2) = H(wp,w2)X(w1,2).
Proof
+00
Y(w1,02) = Y y(ni,m)exp—j(@ini +wany)
ny,ny

=Y | Y ki ka)x(ny — kiny — ko) | exp—j(@iny + wana)
n.ny | kyky

= Z Zh(kl,kz)x(nl —ki,ny — ko)

ny.ng ky,ky
x exp—j{wi [k1 + (n1 — k)] + w2 [k + (n2 — k2) 1}

=Y > hikiky) exp—j(wiki +waka)x(n —ki,ny — ko)

n1.n2 ky,ky
x exp—jlo1(n1 — k1) + w2(n2 — k2)]
= > hlki,kp) exp—j(wiki + w2ka)

ky.ky

x4 D x(m —ki,my = ko) exp—jlwi (m — k1) + w2(n2 — k)]

ny,ny

=Y hki.ky)exp—j(wiki +waky) | D x(n},nh) exp—j(win] +wan)) |,
ky.ko n’l ,n’2

with n’l énl —kp and I’l/2 éng —ko.
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Now, since the limits of the sums are infinite, the shift by any finite value (k,k»)
makes no difference, and the limits on the inside sum over (n},n}) remain at (—o0,+00) x
(—00,+00). Thus we can bring its double sum outside the sum over (k;,k) and recog-
nize it as X(w1,w>), the Fourier transform of the input signal x. What is left inside is the
frequency response H(w,w;), and so we have finally

= |:Z h(ky,ko) exp—j(wiks + wzkz):| Z x(n,nh) exp —j(win| + wanfy)
kl »k2 n’1 ,n’2

=H(w1,0?) - X(w1,w2)

as was to be shown. [ |

Since we have seen that a 2-D or spatial LSI system is characterized by its impulse
response h(ni,nz), we now see that its frequency response H(w1,w2) also suffices to
characterize such a system. And the Fourier transform Y of the output equals the prod-
uct of the frequency response H and the Fourier transform X of the input. When the
frequency response H takes on only values 1 and 0, we call the system an ideal filter,
since such an LSI system will filter out some frequencies and pass others unmodi-
fied. More generally, the term filter has grown to include all such LSI systems, and
has been extended to shift-variant and even nonlinear systems through the concept of
the Voltera series of operators [3].

|
Example 1.2-3: Fourier Transform of Complex Plane Wave

Let x(n1,n2) =Aexpj(w(1)n1 +a)(2)n2) £ ¢(n1,m), where |a)?| < m;then E(wy,wy) = cd(w) —
w(l),wz —wg) in the basic square [—x,+m]%. Finding the constant ¢ by inverse Fourier
transform, we conclude that ¢ = (27)2A. Inputting this plane wave into an LS| system
or filter with frequency response H(w;,w2), we obtain the Fourier transform output
signal Y(w1,w2) = Qn)?AH(0),0))8(w1 — 0?1 — 09) = H(),0))E(@?,09), or in the
space domain y(np,n) =H(a)(1),wg)e(n1,n2), thus showing that complex exponentials
(i.e., plane waves) are the eigenfunctions of spatial LS| systems, and the frequency
response H evaluated at the plane wave frequency (a)(l),a)g) becomes the corresponding
eigenvalue. [ |

Some Important Properties of the FT Operator

1. Linearity: ax + by <& aX(wi,w;) +bY (w1, w2)

2. Convolution: xxy & X(wi,w2)Y (w1, w?)

3. Multiplication: xy < (X % Y)(w1,w7) 2 # [T X (v1,02)
Y(w1 —vi,w2 —v2)dvidvy

4. Modulation: x(ni,n2)expj(vin; +vanp) < X(w; — vy, w2 —vy) for integers
vi and vy

5. Shift (delay): x(ny —my,np —mp) < X(wi,w2)exp—j(wim) + wony)
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6. Partial differentiation in frequency domain:

. X
—jnix(ny,ny) & —
dwi

. 0X
—jmx(ny,ng) & —

dwo
7. “Initial” value:
1
x(0,0) = W / X(w1,w2)dwidwr
[—m, 47 x[—m,+7]
8. “DC” value:
+00
X(0,0)= Y x(n1,m)
ny,ny
—00
9. Parseval’s theorem:
1
Zx(nl,”2)y*(nl7”2) = ne / X(w1,02) Y (w1, w2)dwidw,

o [, +r]x[—m,+7]

with the “power” version, obtained by letting y = x

1
D ) = )2 / X (@1,02)]* dorde

R -7, 47| x[—m,+7]

10. Separable signal:
x(npx2(n2) < Xi(w1)Xa(w2)

Some Useful Fourier Transform Pairs
1. Constant c:
FT{c} = 27m)*c 8(w1,w2)
in the unit cell [—7,+7]?
2. Complex exponential for spatial frequency (vi,v2) € [—m, 471
FT{expj(vini +vom)} = (27)*8 (w1 — v1,w2 — v2)
in the unit cell [—7, +7]?
3. Constant in n, dimension:

FT{x1(n))} =27 X1(w1)d(®2),

where X (w1) is a 1-D Fourier transform and §(w>) is a 1-D impulse function
4. Ideal lowpass filter (rectangular passband):

1 o] <o,

Hy(w1,w72) = Iwc(wl)lwc(wZ)’ where Iwc £ {0 else,
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with w, the cutoff frequency of the filter. Necessarily w. < m. The function I, is
sometimes called an indicator function, since it indicates the passband. Taking the
inverse 2-D Fourier transform of this separable function, we proceed as follows
to obtain the ideal impulse response:

hy(ni,np) = / Hy(w1,w2) exp + j(win + wanz) dwidws

[—7m4r]x[—7,+7]

(2m)?

1

— / Iy (w1) exp+ joinidw;
2

[—7,+7]

1
X | — / 1 (w2) exp+ jwrnadw?
2w

[—7,+7r]
sinweny  Ssinwgny

= , —00 < ni,ny < —+00.
mny mny

5. Ideal lowpass filter (circular passband) w, < 7

2, 2 <

He(oo) =1 VOFTOI=00 for () w)) € [—m+7] x [~ +7].
0 else,

The inverse Fourier transform of this circular symmetric frequency response can be

represented as the integral

1
he(ny,n) = e / / 1 exp+ j(wing + wany) dwrdws

2 2
\ @7 Fo5<w¢

e +7

= # / / exp+ ju(ny cosd + ns sinf) udud6
0 —m
we [ +m

= ﬁ/u /exp—i—j[ureos(@ — )] db ¢ du
0 “x
we [ 47

= ﬁ/u /exp+j(urcos€) dd | du,
0 —T

where we have used, first, polar coordinates in frequency, w; = ucos6 and w, =
usiné, and then in the next line, polar coordinates in space, n| = rcos¢ and ny =
rsin¢. Finally, the last line follows because the integral over 6 does not depend on ¢
since it is an integral over the full period 2w. The inner integral over 6 can now be
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recognized in terms of the zeroth-order Bessel function of the first kind Jy(x), with
integral representation [4, 5]

1 1
Jox) = — / cos(xcosf) df = — / cos (xsin6) d6.
2 2w
—TT —TT

To see this, we note the integral

hrd +7
/exp—i—j(urcos@) do = /cos(urcos@) ao,

—7T -7

since the imaginary part, via Euler’s formula, is an odd function integrated over even
limits, and hence is zero. So, continuing, we can write

Wc +
he(ny,nz) = (2n)2/u /exp—l—j(urcos@) dé | du
0 —T

17
= —fuJo(ur)du
2
0

We
= —Ji(wcr)
2r

We
= ——————J1(wc/n] +n3),

2 2
271,/111 +n;

where J is the first-order Bessel function of the first kind Jj (x), satisfying the known
relation [6, p. 484]

X
xJ1(x) = /u]o(u)du.
0
Comparing these two ideal lowpass filters, one with a square passband and the

other circular with diameter equal to a side of the square, we get the two impulse
responses along the np axis:

we Sinweny
Mwm:ﬁ—;; and

Ty

he(n1,0) =

We
Ji(weny).
27‘[1’11

These 1-D sequences are plotted via MATLAB in Figure 1.2-3. Note their
similarity.
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FIGURE 1.2-3

Two impulse responses of 2-D ideal lowpass filters. The solid curve is “rectangular” and the
dashed curve is “circular.”

Example 1.2-4: Fourier Transform of Separable Signal

Let x(n1,np) = x1(n1)x(n2), then when we compute the Fourier transform, the following
simplification arises:

X(o1,02) =Y Y x(n1,m)exp—j(@in +wyny)

np ny

=YY xim)xa(m)exp—j@in +wn)

np ny

= xi(m) | Y_x(m)exp—jorns | exp—jorin

ny ny

=| Y xim)exp—joins | | D xa(m)exp—jwrns
ny ny

= X1 (w1)X2(w2).
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A consequence of this result is that in 2-D signal processing, multiplication in the spatial
domain does not always lead to convolution in the frequency domain! Can you reconcile
this fact with the basic 2-D Fourier transform property 3? (See problem 9 at the end of this
chapter.) [ |

Symmetry Properties of the Fourier Transform
Now we will consider some symmetry properties of the Fourier transform of complex
signal x(n1,ny). We start with the original FT pair:

x(n1,m) < X(w1,02).

First, reflection through the origin (a generalization of time reversal in the 1-D
case): We ask, what is the FT of the signal x(—n;,—n>), where each of the axes are
reversed? For an image, this corresponds to flipping it right to left, and then flipping
it top to bottom. We seek

Z Zx(—nl ,—M2) exp —j(winy + wanz)

ny n
/ / . / /
=YY x(ny,nh) exp—jlor (—n)) + wr(—n))]
ny
upon setting | = —n; and n), = —ny, so moving the minus signs to the w; terms, we

have

D) x(nh,nh) exp—jl(—w)n} + (w2,

/ /
mnoomn

which can be seen as X(—w1, —w;). Thus we have the new transform pair
x(—=ni,—m) < X(—w1, —»).
If the original spatial signal is instead conjugated, we have
x*(n1,m) & X*(—wi, —w), (1.2-5)

which generalizes the 1-D FT pair x*(n) < X*(—w). Combining these two 2-D
transform pairs, we get the transform of x*(—ny, —ny),

x*(—ni,—np) & X* (01, w2),

resulting in the conjugate of the original X(w1,w;). We can organize these four
basic transform pairs using the concept of conjugate symmetric and conjugate
antisymmetric parts, as in one dimension [1].

|
Definition 1.2-2: Signal Symmetries
The conjugate symmetric part of x is

1

Xe(ny,mp) = 5 [x(n1,m) +x*(—n1,—n)].
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The conjugate antisymmetric part of x is

1
Xo(n1,my) = 3 [x(n1,n2) —x*(—n1,—ny)]. L

From Definition 1.2-2, we get the following two transform pairs:
Xe(ni,m) & ReX(wy,wy),
Xo(n1,n2) < jImX(wi,w2).

Similarly, the conjugate symmetric and antisymmetric parts in the 2-D frequency are
defined.

|
Definition 1.2-3:
The conjugate symmetric part of X is

1
Xe(w1,02) £ 3 [X(@1,02) + X* (—01,—w)].
The conjugate antisymmetric part of X is

1
Xo(wy,w2) 2 5 [X(@1,00) = X*(—o1,—0)]. [

Using these symmetry properties, we get the following two general transform
pairs:

Rex(ny,n2) < Xe(w1,w2),
JjImx(ng,n2) < Xo(w1,®2).
Symmetry Properties of Real-valued Signals
There are special properties of great interest for real valued signals; that is,

x(n1,n2) = Rex(ny,n2), which implies that X,(w;,w;) = 0. Thus when the signal x
is real valued, we must have

X(wi,w2) = X*(—w1, —w). (1.2-6)

Directly from this equation, we get the following transform pairs, or symme-
try properties, by taking the real, imaginary, magnitude, and phase of both sides of
(1.2-6) and setting the results equal:

ReX(w1,w2) = ReX(—w1, —wy), read “real part is even”

ImX(w1,w2) = —ImX(—w;,—w7), read “imaginary part is odd”

X(w1,@2)| = |X(—w1,—wy)|, read “magnitude is even”

argX(w1,wy) = —argX(—w1, —wy), read “argument (phase) may be taken as odd”

Note that “even” here really means symmetric through the origin—i.e., x(n1,n2) =
x(—n1,—ny). Combining results, we see that the 2-D FT of an even real valued signal
will be real and even, and this condition is necessary also.
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Continuous-Space Fourier Transform

While this course focuses on digital image and video, we need to be aware of the
generalization of continuous-time Fourier transforms to two and higher dimensions.
Here, we look at the 2-D continuous-parameter Fourier transform, with application to
continuous-space images (e.g., film). We will denote the two continuous parameters
as #1 and 1, but time is not the target here, although one of the two parameters could
be time (e.g., acoustic array processing in geophysics [7]). We could equally have
used the notation x| and x, to denote these free parameters. We have chosen ¢; and ,
so we can use x for signal.

2-D Fourier Continuous Transform

We start with a continuous-parameter function of two dimensions #; and f,, prop-
erly called a bi-function, and herein denoted f.(¢{,f;) defined over —oo < #] <
+00,—00 < ty < +00. We write the corresponding 2-D Fourier transform as the
double integral

+00 400
Fo(Q1,92) 2 f /fc(tlJZ)eXP_j(Q]tl + Qotr) dtidty.

—00 —00

We recognize that this FT operator is separable and consists of the 1-D FT repeatedly
applied in the #; domain for each fixed #,, followed by the 1-D FT repeatedly applied
in the £, domain for each fixed €21, finally culminating in the value F.(£21,2>). Twice
applying the inverse 1-D Fourier theory, once for €2; and once for €2, we arrive at
the inverse continuous-parameter Fourier transform,

X +00 400
it = 5 / / Fo(Q1. Q) exp+ j(Qut + Qata) d1d,
—00 —00

assuming only that the various integrals converge, meaning they are well defined
in some sense. One very useful property of the FT operator on such functions is the
so-called rotation theorem, which states that the FT of any rotated version of the orig-
inal function f(#1,#) is just the rotated FT—i.e., the corresponding rotation operator
applied to F.(£21,€22). We call such an operator rotationally invariant. Notationally,
we can economically denote such rotations via the matrix equation

t £ Ry, (1.2-7)

where the vectors are t £ (t,1)7, 12 (t/l,t’Z)T, and the rotation matrix R is given in
terms of the rotation angle 6 as

R2 cosf  sinf
" | —sin® cos@ |’

with the sense defined in Figure 1.2—4.
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6

FIGURE 1.2-4
Coordinate system ¢ is rotated from coordinate system ¢ by rotation angle +6.

|
Theorem 1.2-2: Rotational Invariance of FT

The continuous-parameter Fourier transform FT is rotationally invariant; that is, if g. () £
f-(Rt) with R a rotation matrix, then G.(2) = F.(RS).

Proof We start at

ge® = f-(Rb)

= f.(t1 cosO + tr sin@, —t1 sSinf + 1 cosH),

which corresponds to a rotation of axes by +6 degrees.® Then its Fourier transform is
given by

+00+00

Gc(91,92)=/ /gc(tlstZ)exp_j(Qlll+92t2)dtldf2
—00 —00
+00+00

/ f ge(®exp—j(R27t) dt

—00 —00

+00+00

/ / f. RO exp—j( @70,

—00 —00

3While the axes are rotated by +6 in going from £ to ¢, the function g.(¢) =f.(Rt) = f.('), and so the
function g, is a rotated version of f, with rotation —6.
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where £ £ (21,2)7. Then we use (1.2-7) to rotate coordinates to get
400 +00
Ge(Q1,2) = / / fe@)exp—j(@TR™'Y) IR |dY,
—00 —O0
where |e| denotes the determinant,
+00 +00
= / / fe@)exp—j(RTR"E) |R™"|dr,
—00 —O0
since the inverse of R is just its transpose R7,
+00+00
= / / fe@)exp—j{(R2)1} dt
—o0—00

and the determinant of R is one,

=F.(R2)
=F.(Q21cosf + Q,sinf,—Q2 sinf 4+ Q5 cosH)
=F.(2'),
upon setting 22’ £ R2. This completes the proof. [ |

Projection-Slice Theorem

In the medical/industrial 3-D imaging technique, computed tomography (CT), two-
dimensional slices are constructed from a series of X-ray images taken on an arc.
A key element in this approach is the projection-slice theorem presented here. First,
we define the Radon transform.

[
Definition 1.2-4: Radon Transform and Projection
We define the Radon transform for angles, —m <6 < +m, as

+00
po(n) £ /fc(tcose — usin®,tsinf + ucosO)du,
—0Q
where £.(z,u) is an integrable and continuous function defined over all of R2. ||

Using the rotation matrix R and writing it as a function of 8, we have R = R(6)
and can express the radon transform as

+00
po(t) = f £ (R(e> m) du.

We can then state the projection-slice theorem.
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|
Theorem 1.2-3: Projection-Slice

Let continuous function f,(¢,u) have Fourier transform F.(€21,$,). Let the Radon trans-
form of f. be defined and given as py (r) with 1-D Fourier transform Py (€2) for each angle
6. Then we have the equality

Py () = F(S2cos0,2sind). (1.2-8)
Proof By the rotational invariance of the continuous FT operator, we only have to show
(1.2-8) for 6 = 0. So
Po(2) = FT[po(®)]
+00 +00
- / [ / fo(t,w)dule ¥ dt
-0 —0Q
= Fc.(Q,0),

which agrees with (1.2-8) as was to be shown. [ |

In words, we can sweep out the full 2-D spatial transform F, in terms of the 1-D
frequency components Py of the radon transform at all angles 6 € [—m,+7].

CONCLUSIONS

This chapter has introduced 2-D or spatial signals and systems. We looked at how the
familiar step and impulse functions of 1-D digital signal processing (DSP) general-
ize to the 2-D case. We then extended the Fourier transform and studied some of its
important properties. We looked at some ideal spatial filters and other important dis-
crete space Fourier transform pairs. We then turned to the continuous-space Fourier
transform and treated an application in computer tomography, which is understood
using the rotational invariant feature of this transform. The projection-slice theorem
is only approximated in the discrete-space Fourier transform and when the sampling
rate is high. We discuss sampling in the next chapter. A good alternative reference
for these first few chapters is Lim [6].

PROBLEMS

1. Plot the following signals:
(@) s(ny,n2) = u(ny,m)u(S —ny,ny)
(b) s(n1,n2) =38(n1 —nz)
(¢) s(ni,np) =38(ny,n2—1)
(d) s(ni,n2) =8(ny —3nx)u(—ny,2 —ny)
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2. Let a given periodic signal satisfy
s(ny,ny) =s(ny 4+ 5,n2+3)
=s(n; — 1,np — 3) for all ny,n;.

(a) What is the corresponding periodicity matrix N?
(b) Is s periodic also with vectors

n= [g} and np = [_33:| ?

3. This problem concerns the period of cosine waves in two dimensions, both in
continuous space and in discrete space:
(a) What is the period in continuous space of the cosine wave

4t f
cos2m & ?
16
(b) What is the period of the cosine wave

4
cos2m M ?
16

You may find several answers. Which one is best? Why?

4. Convolve the spatial impulse response

1
5, (n1,m2) = (0,0),(1,0),(0,1), or (1,1),
_12
h(ny,n2) {0, otherwise,

and the input signal

)L, (n1,n2) € [=2,+2] x [-2,+2],
x(ni,m) = {0, otherwise.

Call the output signal y(n1,n2) and find all of its nonzero values along with their
locations.

5. Convolve the spatial impulse response

zlp (n1,n2) = (0,0),(1,0),(0,1), or (1,1),
0, otherwise,

h(ny,ny) = {

and the input signal u4 { (n1,n3), the first quadrant unit step function.

6. Which of the following 2-D systems is LSI?
(@) y(ni,n2) =3x(ny,n2) —x(ng — 1,n2)
(b) y(n1,nz) =3x(n1,n) —y(n; — 1,n7) Any additional information needed?
(¢) y(ni,n2) = Z(kl,kz)eW(nl,nz)x(kl’kZ) Here, W(ny,nz) £ {(n1,n2),
(n1 —1,m2), (n1,n2 — 1), (n; — 1,n2 — 1)}
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10.

11.
12.

13.

(d) For the same region YW (n,n3), but now
y(ni,mp) = Z x(ny —ky,ny —k2)
(k1,k2) €W (n1,n2).

What can you say about the stability of each of these systems?

. Consider the 2-D signal

2 2
x(ny,np) =442cos [?(m +n2)] +2cos [?(m — nz)],

for all —oo < ny,ny < 4o00. Find the 2-D Fourier transform of x and give a
labeled sketch of it.

. Compute and simplify the Fourier transform of

PN 0
x(ny,n2) = 2sin(w;ny + wyn) Iy <y (n1,n2),

where Iy« is the indicator function for the N x N square region {0 <n; <N —
1,0 < n; <N — 1}. Simplify your final result as much as possible.

. In general, the Fourier transform of a product of 2-D sequences corresponds

through Fourier transformation to the periodic convolution of their transforms:
x(n1,n2)y(ni,n2) < X(wi,w2) ® Y(w1,w2).

However, if the product is a separable product, then the product of 1-D sequences
corresponds through Fourier transformation to the product of their Fourier
transforms:
x(n)y(n2) < X(w)Y(w2).

Reconcile these two facts by writing x(n1) and y(ny) as 2-D sequences, taking
their 2-D Fourier transforms, and showing that the resulting periodic convolu-
tion in the 2-D frequency domain reduces to the product of two 1-D Fourier
transforms.

Take the inverse Fourier transform of (1.2-3) to check that we obtain the 45°
impulse line §(n; — ny).

For a general complex signal x(n1,n7), show that (1.2-5) is correct.

Let the signal x(n1,n2) = 18(n1,nz) +0.56(n; — 1,n3) +0.56(ny,ny — 1) have
Fourier transform X(wi,w;). What is the inverse Fourier transform of
X (w1.02)|* ?

A certain ideal lowpass filter with cutoff frequency w.= 7% has impulse

response
1
ha(ny,m) = ———=J (%,/n? +n§> :
,/nf—i—n%

What is the passband gain of this filter? (Hint: lin}) @ =1
x—

)
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14. Consider the ideal filter with elliptically shaped frequency response

1 (w1/we1)? + (02/wa)? <1,

0 else, in [—m,+m] x [—m,+m],

H.(w1,w7) :{

and find the corresponding impulse response 4, (n1,12).

15. We know that the ideal impulse response for a circular support lowpass filter is
given in terms of the Bessel function J;. Here, we consider the generalization
from circle to ellipse.

(a) What is the impulse response . (n1,n2) of an elliptical support lowpass filter
(see Figure 1.P-1). Assume the major axis cutoff frequency is w.; and the
minor axis cutoff frequency is w2, where both cutoff frequencies are posi-
tive and less than 7. (Hint: Try a transformation of variables on the known
circular solution.)

\ Do
e
+7/2
<«
/1 -2 0 +m2 +7|
-2
-
FIGURE 1.P-1
Ideal lowpass filter with elliptical support in the frequency domain, with cutoff frequencies
we1 and we.

(b) What is the impulse response of the elliptical support lowpass filter after
rotation by angle 6 (see Figure 1.P-2), where 6 is taken as the positive
angle between the major axis of the ellipse and the horizontal frequency axis
;. Call the resulting impulse response A, g (11,n2). (Hint: Consider using a
rotation matrix as in (1.2-7), but rotation in the frequency domain now.)

16. The ideal frequency-domain diamond lowpass filter with cutoff frequency w,
satisfying 0 < w. < w is shown in Figure 1.P-3. Here, the ideal frequency
response H(wi,wy) is 1 in the gray region of the figure and is zero elsewhere
in [—m,+]%. Find the explicit expression in the spatial domain for this filter;
i.e., find the ideal diamond lowpass filter impulse response h(n1,n2).
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&

w7
7
+71/2
%
-7 -2 0 +71/2 +7
-2
-

FIGURE 1.P-2

Ideal filter of Figure 1.P-1 with passband rotated with angle 6 as indicated.

FIGURE 1.P-3

Ideal diamond lowpass filter with passband cutoff frequency w,
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CHAPTER

Sampling in Two
Dimensions

In two- and higher-dimensional signal processing, sampling and the underlying
continuous-space play a bigger role than in 1-D signal processing. This is due to the
fact that some digital images, and many digital videos, are undersampled. When work-
ing with motion in video, half-pixel accuracy is often the minimal accuracy needed.
Also there is a variety of sampling possible in space that does not exist in the case of the
1-D time axis. We start out with the so-called rectangular sampling theorem, and then
move on to more general but still regular sampling patterns and their corresponding
sampling theorems. An example of a regular nonrectangular grid is the hexagonal array
of light-receptive cones on the human retina. In spatiotemporal processing, diamond
sampling is used in interlaced video formats, where one dimension is the vertical image
axis and the second dimension is time. Two-dimensional continuous-space Fourier
transform theory is often applied in the study of lens systems in optical devices (e.g.,
in cameras and projectors), wherein the optical intensity field at a distance of one focal
length from the lens is approximated well by the Fourier transform. This study is called
Fourier optics, a basic theory used in the design of lenses.

SAMPLING THEOREM—RECTANGULAR CASE

We assume that the continuous-space function x.(#1,#,) is given. It could correspond
to a film image or some other continuous spatial data (e.g., a focused image through
a lens system). We can think of the axes #; and #, as being orthogonal, but that is not
necessary. We proceed to produce samples via the rectangular (orthogonal) sampling
pattern

t1=mT; and t=mnT>,
thereby producing the discrete-space data
A
-x(nl 7”2) = Xc (tl s t2) |f1 =mTy,tr=n2T>-

We call this process rectangular sampling.

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00002-3
(© 2012 Elsevier Inc. All rights reserved.
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Theorem 2.1-1: Rectangular Sampling

Let x(ny1,n2) éxc(n,tz)\,l:nlrl,fzznﬂz, with 77,7, >0, a regular sampling on the
continuous-space function x. on the space (space-time axes) #; and t,. Then the Fourier
transform of the discrete-space sequence x(ny,ny) is

X(w1,w2) =

Z X wy —2wk] wy —2mky
C T ) Tz .

2 ko 1

Proof We start by writing x(n1,n2) in terms of the samples of the inverse Fourier trans-

form of X.(221,2):

+00 +00

1
x(ny,mp) = o2 / ch(Ql,Qz)exp-i-j(an]Tl + QonpT2)d21dS2;.

Next, we let w;

—00 —00

£ O\T) and wy £ Q,T; in this integral to get

x(ny,nz) = on )2/ /T]Tz <( T, C;Z)GXP'FJ(wlnl-Hr)znz)dandwz

(27.[)2 Z

all kl szQ(k k 2)

1
T (L;l C})z)ﬂpﬂ(wlnl+wznz)dw1dw2,

2.1-1)

where SQ(k1,kp) is a 2 x 27 square centered at position (2r7k;,27ky); that is,

SO(ki,k2) 2 [—7 + 27k, +7 + 27k1] X [—7 + 27k, +7 + 27ks].

Then, making the change of variables o] £ 0

—27ky and wh = wy — 2k, separately

and inside each of the above integrals, we get

x(ny,mp) =

as was to be shown.

=IFT

+m 47

Z //‘ a)1+27rk1 a)2+2ﬂk2
Q2 )2 T Xe T Ip)

all ky,ky ©

x exp+ j(w|n) + whny) do'dw)

+w 4+ , ,
/‘/‘ X (w1+27rk1 a)2+2nk2>
2 C £
(271) I ane T, T,

X exp—l—j(a)/lnl + w’znz)dw’l da)/z

1 <a)1+27tk1 a)2+27'[k2>
Xc ,
v, 112 T, p)

all ky,ko
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Thus we have established the important and basic Fourier sampling relation

X w) =2k wy—2mky (2.1-2)
C Tl £ T2 ’ .

X(01,02) = ——
(w1,w2) T -

which can also be written in terms of analog frequency as

2k 2mky

X(T121,T22) = Z <Q1 -, Q- T_2> (2.1-3)

showing more clearly where the aliased components in X(w1,®>) come from in the

analog frequency domain. The aliased components are each centered on analog fre-

quency locations (27}1“ , 2’}£> for all integer grid locations (k1,k2). Of course, for

X, lowpass, and for the case where the sampling density is not very low, we would
expect that the main contributions to aliasing would come from the eight nearest
neighbor bands corresponding to (k1,k2) = (£1,0),(0,£1), and (£1,%1) in (2.1-2)
or (2.1-3), which are sketched in Figure 2.1-1.

This rectangular sampling produces a 2-D spatial frequency aliasing of the
continuous-space Fourier transform. As such, we would expect to avoid most of the
aliasing, for a nonideal lowpass signal, by choosing the sampling periods T, 7> small

s
<>

FIGURE 2.1-1
An illustration of the effect of nearest neighbor aliases for the circular symmetric case.
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enough. We notice that a variety of aliasing can occur. It can be horizontal, vertical,
and/or diagonal aliasing.
We notice that if the input signal is rectangularly bandlimited in the sense that

g b
Xc(21,€22) =0 for [Q|>— OR [Q>—
T T

or equivalently that supp{X.(Q21,22)} = (-7 /T1,4+7/T1) X (—7 /T>,+7/T>), then
we have no aliasing in the baseband, and

1 w] W)
X(wi, =—X| —,— f < AND <m,
(w1, w2) D C(Tl T2> or |wi|<mw lwa| <7

or equivalently in terms of analog frequencies,
1
X(T1921,1782) = WXC(Qth) for |T1Qi|<m AND |12Q;|<m,
112

so that X, can be recovered exactly, where it is nonzero, from the Fourier transform
of its sampled version, by

Xe(R21,Q2) =T X(T11R21,T282;) for [Q|<x/Ty AND [Q|<n/T,.

More generally, these exact reconstruction results will be true for any signal
rectangularly bandlimited to [—2,,+82¢,] X [—2¢,,+£2.,] whenever

Q¢ <m/Ty AND Q. <n/T>.

This is illustrated in Figure 2.1-2 for a circularly bandlimited signal.

A Q
+7Z'/T2
L il \
i + QCZ i
: :
: l
I
! 1
! 1
| Qo1
1 1 »
I T ; L
—71'/7—1 : :+7Z'/T1
: :
! l
: |
! 1
: :
] P 4
—7lT,

FIGURE 2.1-2

A continuous Fourier transform that will not alias when sampled at all the multiples
of (T1,T>).
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Reconstruction Formula

At this point we have found the effect of rectangular sampling in the frequency
domain. We have seen that no information is lost if the horizontal and vertical sam-
pling rate is high enough for rectangular bandlimited signals. Next, we investigate
how to reconstruct the original signal from these samples. To obtain x,, we start out
by writing the continuous-space IFT:

+00 400
/ / Xo(21,2) x exp+j(Q211) + Q0212) d21d2;

—00 —O&0

Xc(tl,IZ) (2 )2

+00 400
/ [ T2 X(T1Q21, T2 ) I, q, (821,522)

—00 =0

T @n)?

x exp+j(Q21t + Q02t2) d21d2,

where we have made use of the indicator function

I, |21 <8¢ and [Q] < Q,,

2
fo 2, (01, 22) = {O, elsewhere.

Continuing,
| +00 400
xe(t,12) = 5 / /T1T2X(TIQI,T292)IQC ., (£21,522)
1) )
—00 —00

X exp+j(21t1 + Q1) d21d<2,

+Qe, +Q0,
T .
= 2n)? X(T1Q1,Tr) exp+ j(Qut1 + 200) dQ1d.
_QC'] _Q"Z

Next, we substitute X with its FT expression in terms of the samples x(n1,n7),

+00  +o0
X(MQLT) = Y Y. x(,m)exp—j(T1Qim + T2Qm),
n=—0o0n,=—o0
to obtain
ey +%
T
Xe(t,1) = = 2/ /[Z Z x(ny,nz)exp — J(T191ﬂ1+T2§22n2)}
( ) n=—00n=—00

X eXp-i-j(Qltl + Q1) d21dQ2),
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and then interchange the sums and integrals to obtain

+Qe; +82,

400
x(t,n) =TTy Y Z x(m,m2) Qn )2 / f
S2

nyj=—00ny=—00

xexp + j[Q1(t1 —niT1) + Q(tr — n2T2)1d21dQ0

+oo +0oo

=TTy Y Y x(u.m)h(ti —mTi.ty —mTy), (2.1-4)
n|=—00ny=—00
where
sin Q.. 1 sin 2, ¢
h(t1,6) = ol 22 o <1y,ty < +00.

TH Tl

The interpolation function # is the continuous-space IFT

Qe+,

2/ /eXP+J(Q1t1+92t2)d§21d92,
(2m)

—Qey Sy

which is the impulse response of the ideal rectangular lowpass filter

o |1, 1€Q11=Q and [] =,
Io. 0, (1, ) = {0, elsewhere.
Equation 2.1-4 is known as the reconstruction formula for the rectangular sampling
theorem and is valid whenever the sampling rate satisfies

Q Q
T7'>=" and T,'>—2.
T v

We note that the reconstruction consists of an infinite weighted sum of delayed ideal
lowpass filter impulse responses multiplied by a gain term of 777, centered at each
sample location and weighted by the sample value x(n1,n7). As in the 1-D case [1],
we can write this in terms of filtering as follows. First, we define the continuous-space
impulse train, sometimes called the modulated impulse train,

+00 +00

xs(t1, 1) = Z Z x(ny,n2)6(t1 —m T, —npTp),

ny=—00ny=—00
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and then we put this impulse train function through the filter with impulse response
T\ Trh(t1,12).

When the sample rate is minimal, we have the critical sampling case, and the
interpolation function

sin Q. 11 sin 2., ¢
T1'Tah(t,0) =TT ol a2

Tl
becomes

s s
sin T—lll Sin T—2t2

T,
Tt Tl

4 B4
s T_ltl sin T—2t2

T
i

T

e

Sin 2., 11 sin ¢, 12
Qe t1 Qe

For this critical sampling case, the reconstruction formula becomes

> > sin 2= (11 —n1T1) sin % (t, — npT2)
T T
xe(t1,12) = E E x(ny,np) —— T = T (2.1-5)
[N 7t —mTy) (2 —mT2)
+00

“+00 . .
Qe (t1 —m T Qe (tr —no T
Z Z x(ny.1) sin Qe (t1 —n17T1) sinQ2, (12 —ny 2), (2.1-6)

Qe (1 —mT1) Qe (2 —n2T?)

n|=—00 np=—00

since 7 /T; = €, in this case.
For this critical sampling case, the interpolating functions

sinQ2¢, (11 —n1Ty) sinQ2, (12 — na17)
Qe (1 —mT1) Qe (12 —n2T?)

have the property that each one is equal to 1 at its sample location (n177,n27>) and
equal to O at all other sample locations. Thus at a given sample location, only one of
the terms in the double infinite sum is nonzero.

If this critical sampling rate is not achieved, then aliasing can occur as shown in
Figure 2.1-1. Note from this figure that if the continuous-space Fourier transform
has the indicated circular support, then the main alias contributions will come from
the horizontally and vertically nearest neighbor aliased terms; in (2.1-3), the terms
correspond to (k1,k2) = (£1,0) and (0,%1), with the diagonal terms at (£1,+1)
being the +/2 further away.
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Xty tp) Sample y(ny, ny)
— ] LPF (T [

A,

FIGURE 2.1-3

A system diagram for ideal rectangular sampling to avoid all aliasing error.

Note that even if the analog signal is sampled at high enough rates to avoid any
aliasing, there is a type of alias error that can occur on reconstruction due to an inad-
equate or nonideal reconstruction filter. Sometimes in the 1-D case, this distortion,
which is not due to undersampling, is called imaging distortion to distinguish it from
true aliasing error [2]. This term may not be the best to use in an image and video
processing text, so if we refer to this spectral imaging error in the sequel, we will put
“image” in quotation marks.

Ideal Rectangular Sampling

In the case where the continuous-space Fourier transform is not bandlimited, one
simple expedient is to provide an ideal continuous-space lowpass filter prior to the
spatial sampler (Figure 2.1-3). This sampler would be ideal in the sense that the
maximum possible bandwidth of the signal is preserved alias free.

The lowpass filter (LPF) would pass the maximum band that can be represented
with rectangular sampling with period T7 x 7>, which is the analog frequency band
[—7/T1,+n/T1] X [—7 /T2, 7 /T>] with passband gain = 1.

|
Example 2.1-1: Nonisotropic Signal Spectra

Consider a nonisotropic signal with continuous-space Fourier transform support, as shown
in Figure 2.1-4, that could arise from rotation of a texture that is relatively lowpass in
one direction and broadband in the perpendicular direction. If we apply the rectangular
sampling theorem to this signal, we get the minimal or Nyquist sampling rates

T7'=Qu/n and T,' =Qao/n,

resulting in the discrete-space Fourier transform support shown in Figure 2.1-5.

Clearly, there is a lot of wasted spectrum here. If we lower the sampling rates judi-
ciously, we can move to a more efficiently sampled discrete-space Fourier transform with
support, as shown in Figure 2.1-6. This figure shows aliased replicas that do not overlap,
but yet cannot be reconstructed properly with the ideal rectangular reconstruction for-
mula (2.1-5). If we reconstruct with an appropriate ideal diagonal support filter, though,
we see that it is still possible to reconstruct this analog signal exactly from this lower
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"g201 Qc1 Q1

FIGURE 2.1-4

A continuous-space Fourier transform with “diagonal” support.
AQy
T 25202
1 Qc2

Qo1 20/

FIGURE 2.1-5
The effect of rectangular sampling at rectangular Nyquist rate.

sample-rate data. Effectively, we are changing the basic cell in the analog frequency
domain from [—x/Ty,+7/T\] x [—7/T>,+7/T>] to the diagonal basic cell shown in
Figure 2.1-7. The dashed-line aliased repeats of the diagonal basic cell show the spectral
aliasing resulting from the rectangular sampling, illustrating the resulting periodicity in the
sampled Fourier transform.
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/ T,
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FIGURE 2.1-6

The effect after lowering the vertical sampling rate below the rectangular Nyquist rate.

FIGURE 2.1-7

A basic cell, indicated by heavy lines, for diagonal analog Fourier transform support.
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From this last example, we see that, more so than in one dimension, there is
a wider variety of the support or shape of the incoming analog Fourier-domain
data, and it is this analog frequency domain support that, together with the sam-
pling rates, determines whether the resulting discrete-space data are aliased or not.
In Example 2.1-1, a rectangular Fourier support would lead to aliased discrete-space
data for such low spatial sampling rates, but for the indicated diagonal analog Fourier
support shown in Figure 2.1-6, we see that aliasing will not occur if we use this new
basic cell. The next example shows one way such diagonal analog frequency domain
support arises naturally.

|
Example 2.1-2: Propagating Plane Waves
Consider the geophysical spatiotemporal data given as

SL'(t’x) =g([_x/v)’ (21*7)

where v is a given velocity, v # 0. We can interpret this as a plane wave propagating in the
+x direction when v is positive, with wave crests given by the equation ¢t — x/v = constant.
Here, g is a given function indicating the wave shape. At position x = 0, the signal value
is just g(r) = s.(2,0). At a general position x, we see this same function delayed by the
propagation time x/v. Taking the continuous parameter time-space Fourier transform, we
have

FT[s.] :[[sc(t,x)exp—j(Qt—FKx)dtdx,

where  as usual denotes continuous-time radian frequency, and the continuous variable
K denotes continuous-space radian frequency referred to as the wavenumber. Plugging
in the plane-wave equation (2.1-7), we obtain

SA(.K) = / / (1 — x/v)exp — j(Q + Kx) didx
= / [ / g(t—x/v)exp— thdti| exp— jKxdx
= / G(Q) exp (— jQx/v) exp— jKxdx
=G(Q) f exp — j(Qx/v + Kx) dx

=2nG(Q)S(K+Q2/v),

a delta function in the frequency domain, concentrated along the line K + € /v = 0, plotted
in Figure 2.1-8.
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A K

K=-Qlv

\de)

FIGURE 2.1-8

Fourier transform illustration of ideal plane wave at velocity v > 0.

If we relax the assumption of an exact plane wave in Example 2.1-2, we get some
spread out from this ideal impulse line, and hence find a diagonal Fourier transform
support as illustrated in Figure 2.1-9. More on the application of multidimensional
geophysical processing is contained in [3].

/
yo

FIGURE 2.1-9

Fourier transform illustration of approximate plane wave at velocity v.

|
Example 2.1-3: Alias Error in Images

In image processing, aliasing energy looks like ringing that is perpendicular to high
frequency or sharp edges. This can be seen in Figure 2.1-10, where there was exces-
sive high-frequency information around the palm fronds. We can see the aliasing in the
zoomed-in image shown in Figure 2.1-11, where we see ringing parallel to the fronds,
caused by some prior filtering, and aliased energy approximately perpendicular to the
edges, appearing as a ringing approximately perpendicular to the fronds. A small amount
of aliasing is usually not very annoying in images.
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FIGURE 2.1-10
2000 x 1000-pixel image with aliasing.

FIGURE 2.1-11
Zoomed-in section of aliased image.

To appreciate how the aliasing (or “imaging” error) energy can appear nearly per-
pendicular to a local diagonal component, refer to Figure 2.1-12, where we see two
alias components coming from above and below in opposite quadrants to those of the
main signal energy, giving the alias error signal a distinct high-frequency directional
component.
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- —ﬂ'/T»] = -

FIGURE 2.1-12
An illustration of how an alias (or “imaging”) error can arise in a more directional case.

SAMPLING THEOREM—GENERAL REGULAR CASE

Now consider more general, but still regular, nonorthogonal sampling on the regular

grid of locations or lattice,
| n
=(viv

for sampling vectors viand v,, or what is the same £= nv| + nyv, for all integers n;
and ny. Thus we have the sampled data

x(n) £ x.(Vn), (2.2-1)

with sampling matrix V £ [v1 v2]. The sampling matrix is assumed always invertible,
since otherwise, the sampling locations would not cover the plane (i.e., would not
be a lattice). The rectangular or Cartesian sampling we encountered in the previous
section is the special case v; = (T1,0)7 and v, = (0,72)7.
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|
Example 2.2-1: Hexagonal Sampling Lattice
A sampling matrix of particular importance,

1 1
V= [uﬂ —W?}’

results in a hexagonal sampling pattern. The resulting hexagonal sampling pattern is
sketched in Figure 2.2-1, where we note that the axes n; and np are no longer ortho-
gonal to one another. The hexagonal sampling grid shape comes from the fact that
the two sampling vectors have angle £30° with the horizontal axis, and that they are
of equal length. It is easily seen by example, though, that these sample vectors are
not unique to produce this grid. One could as well use v; = (0,1/+/3)T together with
v2 = (0,2/+/3)T to generate this same lattice. We will see later that the hexagonal samp-
ling grid can be more efficient than the Cartesian grid in many common image-processing

situations.
A t2
° —+ °
-9 ny
I 1 ~
| |
|
° I . *—>
-2 -1 1 2 t
| |
|
h e -
ny
° 4 °
FIGURE 2.2-1

Hexagonal sampling grid in space. [
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To develop a theory for the general sampling case of (2.2—1), we start by writing
the continuous-space inverse Fourier transform,

| +00 +00
xc(t) = e f / X.(2)exp+j(R7t)de,
—00 —00
with analog frequency 2 = (Q1,,)7. Then, by definition of the sample locations,

we have the discrete data as
400 +00

/ / X (R2)exp+j(27Vn)de,

—00 =00

1
(2m)?

x(n) =

which upon writing @ £ V7 2 becomes

+00 +00
1 _r T dw
x(n) = )2 / /XC(V w)exp+ j(w' n) detV|’ (2.2-2)

Here, V™1 denotes the inverse of the transpose sampling matrix V7, where the
notational simplification is permitted because the order of transpose and inverse
commutes for invertible matrices. Next, we break up the integration region in this
equation into squares of support [—7, 47 & [—7,+7] x [-7,+7] and write

+m 4+
_ 1 1 T, T
x(n) = )2 // etV {E X[V (@ 27rk)]}eXp+J(w n)dw,

“a—r all k

justasin (2.1-1) of the last section, and valid for the same reason. We can now invoke
the uniqueness of the inverse Fourier transform for 2-D discrete space to conclude
that the discrete-space Fourier transform X (w) must be given as

> XV (- 271k)]},

all k

1
X@) =15 {

where the discrete-space Fourier transform X(w) is ), x(n)exp(— ijn), just as
usual.

We now introduce the periodicity matrix U 2 27 V=T and note the fundamental
equation

U'v =2x1, (2.2-3)

where I is the identity matrix. This equation relates any regular sampling matrix and
its corresponding periodicity matrix in the analog frequency domain.
In terms of periodicity matrix U, we can write

> X, [LU((» - 27tk)i| } (2.2-4)
2

all k

X(w)

= detV] !
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which can be written also in terms of the analog frequency variable 2

1
Xv'e) = eV [ZXC(SZ —Uk) ]

all k
showing that the alias location points of the discrete-space Fourier transform have

the periodicity matrix U when written in the analog frequency variable 2.
For the rectangular sampling case with sampling matrix

T, O
V= R
0 Tr

2r /Th 0
U= ,
0 21 /T>

showing consistency with the results of the previous section, i.e., (2.2—4) simplifies
to (2.1-2).

the periodicity matrix is

|
Example 2.2-2: General Hexagonal Case
In the case where the sampling matrix is hexagonal,

v T T
T3 T3

with T being an arbitrary scale coefficient for the sampling vectors. The corresponding
periodicity matrix is easily seen to be

U— /T /T _ |
B n«/g/T —n\/g/T = i

and |det V| = 2T%/+/3. The resulting repetition or alias anchor points in analog frequency
space are shown in Figure 2.2-2. Note that the hexagon appears rotated (by 30°) from
the one hexagonal sampling grid in the spatial dimension in Figure 2.2-1. At each alias
anchor point, the analog Fourier transform would be seated. Aliasing will not occur if the
support of the analog Fourier transform is circular and less than 7+/3/T in radius. 1l

We next turn to the reconstruction formula for the case of hexagonal sampling.
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FIGURE 2.2-2
Hexagonal alias repeat grid in analog frequency domain.

Hexagonal Reconstruction Formula

First, we have to scale down the hexagonal grid with scaling parameter 7 until there
is no aliasing (assuming finite analog frequency domain support). Then we have

X(vie) =

X,.(2
|det V| ()

V3
= ﬁXC(SZ )s
and so
272 (1\?
() =—|— n) [ exp[jR7T - Vn)1dR,
%) =" <2n> Xn:x( )/ xplj@" (t — Vi)
B
where B is the hexagonal frequency domain basic cell shown in Figure 2.2-3. This
basic cell is determined by bounding planes placed to bisect lines joining spectral
alias anchor points and the origin. The whole §2 plane can be covered without gaps
or overlaps by repeating this basic cell centered at each anchor point (tessellated). It
is worthwhile noting that an analog Fourier transform with circular support would fit
nicely in such a hexagonal basic cell.
Upon defining the spatial impulse response

hté—zT2 Ly (2Tt ae
()_ﬁ<2n> /GXPJ )dS2,
B
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FIGURE 2.2-3

Hexagonal basic cell in analog frequency domain (heavy line).

we can write the reconstruction formula for hexagonal sampling as

xXe(t) =) x(m)h(t— Vn).

Of course, we could subsequently evaluate ¢ on a different sampling lattice and
thereby have a way to convert between sampling lattices in two dimensions.

|
Example 2.2-3: Sampling Efficiency for Spherical Baseband

We can generalize the hexagonal lattice to three dimensions, where it is called a 3-D rhom-
bic dodecahedron, and continue to four and higher dimensions. We would notice then that
a spherical baseband fits snugly into a generalized hexagon, much better than into a gene-
ralized square or cube. Dudgeon and Mersereau [3] have obtained the following results
showing the sampling efficiency of these generalized hexagonal lattices with respect to the
Cartesian lattice:

Dimension M 1 2 3 4

Efficiency 1.000 0.866 0.705 0.505

We see a 30% advantage for the 3-D case (e.g., spatiotemporal or 3-D space) and a 50%
advantage in 4-D (e.g., the three spatial dimensions + time, or true 3-D video). [ |
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In spite of its increased sampling efficiency, the 3-D generalization of the hexa-
gonal lattice has not found much use in applications that sample 3-D data. However,
a variation of the diamond sampling lattice has found application in the interlaced
sensors, commonly found in video cameras, both standard definition (SD) and high
definition (HD).

|
Example 2.2-4: Diamond-shaped Sampling Lattice
A special sampling lattice is given by sampling matrix

7/T rr/Ti|

T T
V= and periodicity matrix U =
T -T 7/T —m)T

resulting in the so-called diamond-shaped lattice, illustrated in Figure 2.2-4 for the
normalized case T = 1.
If we look to the periodicity matrix in analog frequency space, we obtain Figure 2.2-5.

A
t, n,
Sx
RN N
4 N N
// A N
N N
/
. 4 »
7 N 7
7 -4 N 7/
// N //
Pa A ;
-4 =2 2 74 t
N -+ s
L] \\ ’ L]
A //
N s
N s
N
3 n2
FIGURE 2.2-4
Diamond sampling grid with T =1.
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/// \\\ \\\
] ¢ T 4 »
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FIGURE 2.2-5

Alias anchor points for diamond sampling with T = 1.
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If we restrict our 2-D sampling to the vertical and temporal axes of video data, we
get the following example of diamond sampling in conventional video.

|
Example 2.2-5: Interlaced Video

Consider a video signal sq(x,y,t), sampled on a rectangular or Cartesian grid, to get the so-
called progressive digital video signal s(ni,na,n) £ sc(nj A1,na02,nA), where (Aq, Ay)T
is the sample vector in space and A is the sampling interval in time. But in SD and HD
video, it is also common for it to be sampled on an interlaced lattice consisting of two
fields making up each frame. One field just contains the even lines, while the second field
gets the odd scan lines. In equations, we have

s(ny,2ny,2n) £ se(n1A1,2n2A2,2nA) and
s(n1,2m 4+ 1,2n+1) 2 s.(n Ay, 2na + 1) Ay, 2n+ 1) A)

whose sampling period is illustrated in Figure 2.2-6, where we only show the vertical and
time axes. We can fix the horizontal variable at, say, n; = n(l) and then regard the data as
2-D (vertical-time) data. In the two mentioned cases, this becomes progressive:

ge(y.) £5.(,y,n) and
g(na,n) = gc(n2Az,nA),
or interlaced:
g(2n»,2n) £ g.(2n2A»,2nA)  and

gny+1,2n+1) £ gc(2nay+1)A2,2n+1)A).

0 1 2 3 4 5 6
— 4+t
14+ o o o
24 R . .
3+ . . .
44 o . o
54 . .
6+ ° . .
v
y

FIGURE 2.2-6
An illustration of interlaced sampling in a 2-D vertical-temporal domain.
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The sampling matrix for this 2-D interlaced data is easily seen to be

R AV IAY)

corresponding to diamond sampling in the vertical-time domain. Applying the diamond-
shaped sample lattice theory, we get a diamond or rotated square baseband to keep alias
free. So, if sampled at a high enough spatiotemporal rate, we can reconstruct the con-
tinuous space-time signal from the diamond sampled or interlaced digital video data. We
would do this, conceptually at least, via 2-D processing in the vertical-temporal domain,
for each horizontal value n;. [ |

In performing the processing in Example 2.2-5, we consider the 3-D spatiotem-
poral data as a set of 2-D y x ¢ data planes at each horizontal location x = x°. Thus the
2-D processing would be done on each such y x ¢ plane separately, and then all the
results would be combined. In practice, since there is no interaction between the y x ¢
planes, this processing is performed interleaved in time, so that the data are processed
in time locality (i.e., those frames near frame n are processed together).

Interlace has gotten a bad name in video, despite its increased spectral efficiency
over progressive sampling. This is because of three reasons: First, the proper space-
time filtering to reconstruct the interlaced video is hardly ever done, and in its place
is inserted a lowpass vertical filter, sacrificing typically about 30% of the vertical res-
olution. Second, almost all flat-panel display devices are progressive; thus interlaced
images have to be transformed to progressive by the display hardware, often with less
than optimal results, in addition to the vertical resolution loss previously mentioned.
Lastly, today arguably the best video sources, both film and digital, are progressive,
not interlaced.

CHANGE OF SAMPLE RATE

Returning to the more common case of rectangular sampling, it is often necessary in
image and video signal processing to change the sample rate, either up or down. This
is commonly the case in the resizing of images and videos for display on a digital
image or video monitor.

Downsampling by Integers M; x M,
We define decimation or downsampling by integers M and M> as follows:
xa(n1,m2) = x(Miny, Many),

denoted via the system element shown in Figure 2.3—1. The correspondence to
rectangular downsampling in the frequency domain is

My—1M—1 ( 27111’0)2—2”12)_ 2.3-1)
M,

Xy(w1,02) =

11—0 ir=0
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x(n4,np) —> MixM, l —> Xg(Nn4,13)

FIGURE 2.3-1

Downsample system element.

One way of deriving this equation is to first imagine an underlying continuous-
space function x.(t1,f2), of which the values x(nj,n;) are its samples on the grid
Ty x T>. Then we can regard the downsampled signal x4 as the result of sampling x,
on the less dense sample grid M1T; x M>T». From the rectangular sampling theorem,

we have
1 = w1 — 2wk wy—2mky
Xo(wy,w2) = ————- X( , ) (2.3-2)
M\ T\M>T> " kzz_:—oo ¢ M T, MyT,

Comparing this equation with (2.1-2), we can see that it includes the alias compo-
nents of (2.3-2) when k; = M1l; and k» = M3l with [ and [, integers, plus many
others in between. So we can substitute the following sums into (2.3-2):

ki =i +M;ly, wherei;:0,.... M| —1,
ko =iy +M>l,, whereir:0,... .My —1,
and then rewrite the equation as

Xa(w1,w2)
+oo Mi—1M—1

M1T1M2T2 Z Z Z

11,lh=—00 i1=0 i»=0

X w1 —2miy 2nly wy—2mi, 2wl
X — , —
\ M1 Ty M,T, b

—1My—1 “+00

M1M2ZZ— 2

i1=0 =0 l1,h=—00

<w1 —2mi; 2nly wy—2mia 271’12)
x X¢ _

M\ T, T\~ M, 1

My—1Ma—1

Z Z 27111 wr —2min (2.3-3)
M1M2 ’ M> ’ ’

i1=0 =0

in terms of the discrete-space Fourier transform X, by evaluation of (2.1-2) at the

: (1)]—27Ti| a)2—271i2
locations (—M1 S, )
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[
Example 2.3-1: M; = M, =2 Case for 2 x 2 Decimation

In this case, we have x4(n1,n2) éx(2n1,2n2); thus in the frequency domain with M =
M, =2, (2.3-3) becomes

1 1 .
1 w1 — 2wl wy — 27y
Xatworon = 3 Y Yox (U5 22

i1=0i=0
1 w] W) w] W2
=[x (51 2) +x (22 -x)
4[ (5 5) (53 -
+x(“)1 w2)+x(w‘ @2 ) (2.3-4)
— -7, — —n,——7) | .
2 2 2 2

Figure 2.3-2 shows the characteristic periodic support pattern of a lowpass Fourier
transform X(w1,w,) plotted out to beyond 27 in each variable. Figure 2.3-3 shows the
corresponding Fourier transform X(%wl,%a)g) plotted out to a range beyond 4x in each
variable. We see how the periodic support pattern has spread out now, and note that this
function has a period of 47 x 47 ; therefore, by itself, it cannot be a valid Fourier transform.
With reference to this figure, we can see how the other three terms in (2.3-4) can fit in
without overlap, each centered at (0,2r), (27,0), and (27,2r), respectively, to restore the
27 x 27 periodicity and make X, a valid Fourier transform. A necessary condition of no-
overlap is seen to be supp{X} € (=47, +47) x (=37, +4m). If this condition is met, as
shown in Figure 2.3-2, then no information is lost and perfect reconstruction is possible
from the subsampled signal.

FIGURE 2.3-2

[llustration of lowpass X, plotted out beyond 2 in each variable.
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FIGURE 2.3-3

Fourier transform X(%wl, %a)z) plotted out to a range beyond 4x in each variable.
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x(ny, n))—>|  LPF » Mix le —— yq(nq, ny)

FIGURE 2.34

System diagram for ideal decimation, which avoids aliasing error in the decimated signal.

Ideal Decimation

In order to avoid alias error in the case of a general signal x and to preserve as much of
its frequency content as possible, we can choose to insert an ideal rectangular lowpass
filter ahead of the downsampler, as shown in Figure 2.3—4. Here, the passband of
the filter should have gain 1, and the passband is chosen as [—z /M1,4+m /M1] X
[—m /My, 47 /M>] to avoid aliasing in the decimated signal. This process has been
called ideal decimation.
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L
Example 2.3-2: Ideal 2 x 2 Decimation

We have a filtered signal here, so upon 2 x 2 decimation, xs(n1,n2) £ (h*x)(2n1,2m2),
and in the frequency domain!

1 1

1 w) — 2wl wy —2mip
xd(wl,w»:ZZZ(HX)( > )

i1=0i3=0
- (5 o 55 ) (32
+ (HX) (% _x, % — n) ] (2.3-5)

We can see that the baseband that can be preserved alias free in the decimated signal
xg IS [-7m /2,47 /2] x [-7/2,+7 /2], which is 1/4 of the full bandwidth. This region is
shown as the gray area in Figure 2.3-5, a subband of the original fullband signal HX.
Since this subband is lowpass in each frequency variable, it is called the LL subband. If
we prefilter with an ideal lowpass filter with gain 1, whose frequency domain support is
shown as gray in Figure 2.3-5,

L, (o1,w) € [=7/2, 471 /2] x [~ /2,+7/2],

H(wr,0) = 0, else

then we can preserve the LL subband [—n /2,47 /2] x [—7 /2,47 /2] from the original
signal X.

|
S|
|
NSNS S ——
N
o
+
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N
+
B

[—————1
|
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N

FIGURE 2.3-5
The gray area is the LL subband preserved under 2 x 2 ideal decimation.

"Here, (h*x) denotes the resulting function of convolution, and (HX) denotes the function resulting
from pointwise product.
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The higher frequency components or subbands of the original signal X can be
obtained as follows. Consider the gray area shown in Figure 2.3—6. We can separate
out this part, called the HL subband, by prefiltering before the decimation with the
ideal bandpass filter, with the passband shown as the gray region in Figure 2.3-6.
Similarly, the LH and HH subbands can be separated out, using filters with supports
as shown in Figures 2.3-7 and 2.3-8, respectively. Together, these four subbands
contain all the information from the original fullband signal.”

I

I

|

I > o
-] —nl2 0 + !

FIGURE 2.3-6

Frequency domain support of the HL subband.
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FIGURE 2.3-7
Frequency domain support of the LH subband.

2Care must be taken on the boundaries of these subbands so that information is not duplicated or lost
by this ideal filter decomposition.
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FIGURE 2.3-8
Frequency domain support of the HH subband.

We will see in the sequel that decomposition of a fullband signal into its sub-
bands can offer advantages for both image processing and compression. In fact, the
international image compression standard JPEG 2000 is based on subband analysis.

Upsampling by Integers L x L,
We define the upsampled signal by integers L; x L; as

L’ I
0, else.

x("‘ n2 ) ,  when L; divides n; and L, divides ny,’

So, just as in one dimension, we define 2-D upsampling as inserting zeros for the
missing samples. The system diagram for this is shown in Figure 2.3-9.
The expression for upsampling in the Fourier domain can be found as

Xu(or,00) = Y x,(n1,m)exp—j@ini +wnn)

all ny,ny

= > xuliki.Lakp) exp— j(@1Lik + w2laky)
ni :L]k] ,nz:szz

= Y xu(Liki,Loky)exp— j(@1Liki + w2Laks)
all &y k>

=X(Lwy,Lrw)).

We note that this expression is what we would expect from the 1-D case and that no
aliasing occurs due to upsampling, although there are spectral “images” appearing.

3¢ divides n’ means just that n/L is an integer.
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x(nq, ng) —>{ LyxL, T —> Xy (N4, n2)

FIGURE 2.3-9

Upsample system element.

We see that upsampling effectively shrinks the frequency scale in both dimensions
by the corresponding upsampling factors. Since the Fourier transform is 2w x 27
periodic, this brings in many spectral repeats. Note that there is no overlap of com-
ponents, though, and these repeats can therefore be removed by a lowpass filter with
bandwidth [—m /L{,+m /L1] X [—7 /Ly, 41 /L>], which leads to ideal interpolation.

Ideal Interpolation

By ideal interpolation, we mean that interpolation that will yield the same samples as
though we sampled a corresponding continuous-space function at the higher sample
rate. Using the rectangular sampling reconstruction formula (2.1-5), we can evaluate
at (t1,1p) = (mT1/L1,n2T>2 /L) to obtain

sin 7 (‘—Tl — lel) sin - ("2T2 k2T2)

mT, naTp =
xC( L] ’ L ) Z Z x(kl,k2)

1
2 ky=—o0 ky=—00 T ("'L—l' —ki Tl) le ("ZTZ k2T2>
+o0 smn(L—ll k1> smn(L—Z—lq)
= > Z x(ki k) — - :
ke =—00 ky=—00 W(L—]l - kl) JT(L—i - kz)

which begins to look similar to a convolution. To achieve a convolution exactly,
though, we can introduce the upsampled function x, and write the ideal interpola-

tion as
s, (M Ty noT
y ¢ _Ll ’_Lz

smn(E — kl) smn(Z—; — k2>

+oo
Z Z x(ki,k2) 71’(2—1—/{1) ﬂ(%—kz)

kj=—00ky=—00

’ ’
—k] nz—k2

S SR G e v,

L'L n—k; n—k,
K| k,=multiples of Li,Ly =2 T\ T\~

. n—k . np—k’
+00 smn(%) smn( 2L 2)
= Y xuk.k) 1 2
Ut 2 ny1—kj np—k) ’
11 K, K, 0 4
all k7.ky Ly L
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Y

LPF > y(nq, ny)

X(ny, ng) —> LyxL, T

FIGURE 2.3-10
System diagram for ideal interpolation by integer factor L x L,.

which is just the 2-D convolution of the upsampled signal x, and an ideal impulse

response ]’l,
1 ny 1 2
SIHTL'([l ) Slnﬂ(l2>

“(#) (8)
which corresponds to an ideal rectangular lowpass filter with bandwidth

[-7m/L1,+m /L] X [—7 /Ly, +7m/Ly] and passband gain = LjL,, with the system
diagram shown in Figure 2.3—-10.

h(ni,np) =

|
Example 2.3-3: Oversampling Camera

Image and video cameras only have the optical system in front of a charge-coupled device
(CCD) or complementary metal oxide semiconductor (CMOS) sensor to do the anti-aliasing
filtering. As such, there is often alias energy evident in the image frame, especially in
the lower sample density video case. So-called oversampling camera chips have been
introduced, which first capture the digital image at a high resolution and then do digital
filtering combined with downsampling to produce the lower resolution output image. Since
aliasing is generally confined to the highest spatial frequencies, the oversampled image
sensor can result in a significant reduction in aliasing error. ||

SAMPLE-RATE CHANGE—GENERAL CASE

Just as 2-D sampling is not restricted to rectangular or Cartesian schemes, so also
decimation and interpolation can be accomplished more generally in two dimen-
sions. The 2-D grid is called a lattice. When we subsample a lattice, we create a
sublattice—i.e., a lattice contained in the original one. If the original data came from
sampling a continuous-space curve, the overall effect is then the same as sampling
the continuous-space function with the sublattice. General upsampling can be viewed
similarly, but we wish to go to a superlattice—i.e., one for which the given lattice
is a sublattice. Here, we assume that we already have data, however obtained, and
wish to either subsample it or to interpolate it. Applications occur in various areas
of image and video processing, with one being the conversion of sampling lattices.
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Some images are acquired from sensors on diamond sampling grids and must be
upsampled to a Cartesian lattice for display on common image displays. Another
application is to the problem of conversion between interlaced and progressive video
by 2-D filtering in the vertical-time domain.

General Downsampling
Let the 2 x 2 matrix M be nonsingular and contain only integer values. Then, given a
discrete-space signal x(n), where we have indicated position with the column vector
n,ie., (n;,m)T £ n, a decimated signal x;(n) can be obtained as follows:

xq(n) = x(Mn),

where we call M the decimation matrix.
If we decompose M into its two column vectors as

M= [ml mz] .
then we see that we are subsampling at the locations
nimy + namy,

and thus we can say that these two vectors m| and m» are the basis vectors of the
sublattice generated by M.

|
Example 2.4-1: Diamond Sublattice
If we choose to subsample with the decimation matrix

11
M:[_l 1}, 2.4-1)

then we get the sublattice consisting of all the points

[0}

a portion of which is shown in Figure 2.4-1. We see the generated sublattice (i.e.,
the retained sample locations denoted by large filled-in circles). The left-out points are
denoted by small filed-in circles. Thus the original lattice consists of all the filled-in circles.
Note that we also indicate the various multiples n; and n via the plotted axes, which then
become the coordinate axes of the subsampled signal.
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n
o

-2
ny

FIGURE 2.4-1

[llustration of portion of sublattice generated by diamond subsampling. Large filled-in
circles are sublattice. Large and small filled-in circles together are the original lattice.

The corresponding result in frequency, derived by [4], is

Xd(w)=% > XM (0 —27k)] ¢, (2.4-2)

certain k

with @ = (@1, ®>)”, which is seen to be very close to Example 2.2—4 for the general
sampling case, with the decimation matrix M substituted for the sampling matrix V
of Section 2.2. Also we use X in place of the continuous-space Fourier transform
X, used there. While in (2.2-4), the sum is over all k; here, the aliasing sum is only
over the additional alias points introduced by the decimation matrix M. For example,
looking at Figure 2.4—1, we see that the small filled-in circles constitute an equivalent
lattice that has been left behind by the chosen subsampling. There is a shift of (1,0)7
in this example. The derivation of (2.4-2) is considered in end-of-chapter problem 16.

|
Example 2.4-2: Effect of Diamond Subsampling on Frequency

Since we have the generator matrix (2.4-1) from (2.4-1), we calculate its determinant as
det M =2 and the transposed inverse as
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Then substituting into (2.4-2), we sum over k = (0,0)7 and k = (1,0)7 to obtain

_1 w1 | 1 w>y |1 1 (w1 —2m) | 1 wy |1
o3[ 2 []) (e )2 ])

:lX a)l—i—a)z’—a)l—f—a)z lX (w1 —2m) %’—(a)l—Zn)_F% ,
2 2 2 2 2 2 2 2
1 w]+wy —w;+wr 1 w] + wy —w] + w2

==X s - -, + ).
2 2 2 2 2 2

We can interpret the first term as a diamond-shaped baseband and the second term as
the single high-frequency aliased component. This alias signal comes from the fullband
[—m,+7]? signal outside the diamond, with corners at (0,7), (r,0), (—=x,0), and (0, —7).

CONCLUSIONS

This chapter has focused on how sampling theory extends to two dimensions. We first
treated rectangular sampling and looked into various analog frequency supports that
permit perfect reconstruction (i.e., an alias-free discrete-space representation). Then
we turned to general but regular sampling patterns and focused on the commonly used
hexagonal and diamond-shape patterns. Finally, we looked at sample rate change for
the common rectangular sampled case and also briefly looked at the general regular
subsampling problem in two dimensions.

PROBLEMS

1. A certain continuous-space signal s, is given as
Sc(x1,x2) = 100+ 20cos 6 x| +40sin(10mrx; + 67x72),
for —o0 < x1,x < +00.

(a) What is the rectangular bandwidth of this signal? Express your answer in
radians using cutoff variables 2.1, Q2.

(b) Sample the function s. at sample spacing (A1, Az) = (0.05,0.10) to obtain
discrete-space signal s(n1,n7) £ 5.(n1A1,n2A2). Write an expression for s.
Has overlap aliasing error occurred? Why or why not?

(¢) Find and plot the Fourier transform S £ FT{s}.

2. Denote the (discrete-space) Fourier transform as X (w1,w2), and assume the
corresponding signal x(n1,ny) resulted from rectangularly sampling with hori-
zontal spacing T) = 1073 meters and vertical spacing T» = 10~* meters. Assum-
ing no aliasing, express the continuous-space Fourier transform X (£21,£27) in
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+

+7/2

> o
-7 -r/2 0 +7/2 +7

-7/2

FIGURE 2.P-1

Ideal lowpass filter with elliptical support in the frequency domain, with cutoff frequencies

we1 and we.

terms of the Fourier transform X (w1, w;). Also provide a labeled sketch of X,
based on the (discrete-space) Fourier transform X shown in Figure 2.P-1.

. A rectangularly bandlimited, continuous-space signal s.(x,y) is sampled at sam-

ple spacing 71 and T3, respectively, which is sufficient to avoid spatial frequency
aliasing. The resulting discrete-space signal (image) is s(ny,n2). It is desired to
process this signal to obtain what would have been obtained had the sample
spacing been halved—i.e., using 77/2 and T, /2, respectively. What should the
ideal filter impulse response h(nj,n2) be? Call the low-rate signal s;, and the
high-rate signal sg.

. In the reconstruction formula (2.1-4), show directly that the interpolation func-

tions provide the correct result by evaluating (2.1-4) at the sample locations
t1 =m Ty, tp = np T, for the critical sampling case.

. It is known that the continuous time 1-D signal x,(f) = exp —ar> has Fourier

transform X .(2) = \/g exp — ﬁQz, where o > 0. Next, we sample x(f) at times

t = n to obtain a discrete-time signal x(n) = x.(n) = exp —an?.

(a) Write the Fourier transform X (w) of x(n) in terms of the parameter «. This
should be an aliased sum involving X.. Use sum index k.
(b) Find an upper bound on « so that the k = %1 aliased terms in X(w) are no

-3
larger than 10 \/g .

(¢) Consider the 2-D signal x(n1,ny) = exp —oz(n% +n§), and repeat part (a),
finding now X(w1,w>). Use aliased sum index (ki,k>).

(d) Find an upper bound on « so that the (k1,k2) = (£1,0) and (0,=£1) aliased
terms in X (w1, ) are no larger than 1073 =3
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6. An ideal lowpass filter for upsampling is found in Section 2.3:
sin7 (Z—i) sinz (Z—i)
“(#) ~(2)

Find the Fourier transform of this filter and determine its passband support and
passband gain.

h(ny,np) =

7. If weuse 2 x 2 ideal interpolation for the input signal x(ny,n,) = sin(2wn /16 +
4mny/16), then the ideal interpolation output should be sin(2wn;/32+
4mny /32). Show that the system of Figure 2.3—10 achieves this by checking the
Fourier transform of the input x, the Fourier transform of the upsampled signal
Xy, and the effect of the ideal lowpass filter, as determined in the reconstruction
equations that follow Figure 2.3—-10 in the text. Note that the passband gain of
this filter is here given as 2-2 = 4.

8. Consider the 2-D signal with continuous-space Fourier transform support as
shown in the gray area of Figure 2.P-2:

cl

_Qc2

FIGURE 2.P-2
Fourier transform support indicated by gray regions.

(a) What is the minimum permissible rectangular sampling pattern, based on an
assumption of [—.1,2.1] X [—22, 2.2 ] Fourier transform support?

(b) What is the minimum permissible sampling pattern for the Fourier transform
support shown in the figure?

In each case, answer by specifying the sample matrix V.

9. Consider the continuous-space signal x.(t1,#,) with bandpass Fourier transform
support as indicated by the dark gray areas in Figure 2.P-3. The support of
X.(£21,27) does not include the boundaries of the dark gray boxes.
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FIGURE 2.P-3

Bandpass Fourier transform support of X.(£21,£2,) indicated by dark gray areas.

10.

11.

12.

13.

(a) What is the minimal spatial sampling pattern to capture the full content of x,
so that, from these samples alone, one can reconstruct the continuous-space
function x, without any error?

(b) Specify the corresponding reconstruction system in detail.

Use Figure 2.2-4 to find the diamond-shaped unit cell in the frequency domain
1 1
1 -1
alias anchor points.) What does the midpoint of each line tell us about the
boundary of the unit cell?

for sampling matrix V = . (Hint: Draw straight lines connecting the

Find the impulse response corresponding to a continuous-space ideal diamond-
shaped lowpass filter, with passband equal to the frequency domain unit cell
found in problem 10. This is the ideal anti-alias filter that should be used prior
to such sampling. Assume 71 =T, = 1.

Show that X;(w1, ) given in (2.3-5) is rectangularly periodic with period 27 x
27, as it must be to be correct.

Consider the 2-D signal from problem 7 of Chapter 1,
2 2
x(ny,np) =4+ 2cos ?(m +ny) | +2cos ?(m —n) |,

for all —oo < ny,ny < +00.
(a) Let x now be input to the 2 x 2 decimator in Figure 2.P—4

x(nq, ny) —> 2><2l ——> Xg(n4, Ny),

FIGURE 2.P4

A 2 x 2 decimator.
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Give a simple expression for the output x;(n1,n2) and its Fourier transform
X4(w1,wy). (Hint: Consider each of the terms in x separately, starting with
the constant term 4.)

(b) Check and verify that

1 L w1 —2nly wy—2ml
Xd(wl,w2)=Z E E X( > 5 )
I

1=00,=0

14. Let the signal x(n1,n2) have Fourier transform

19 on [_T[7+7T]X[_%a+%]7
X b = .
(@r,@2) {0, otherwise on [—7, +7]2.
We then subsample 2 x 2 the signal x to obtain
xq(n1,n2) =x(2ny,2n3).

Working directly in the 2-D Fourier transform domain, find and plot the corre-
sponding Fourier transform of the subsampled signal X;(w1,w7) on [—m, +7]2.

15. Consider a fullband signal with circular symmetric frequency domain contour
plot as sketched in Figure 2.P-5.

FIGURE 2.P-5
Contour plot sketch of a fullband signal.

Use a filter with frequency-domain support as shown in Figure 2.3-6 to gen-
erate the so-called HL subband. Usually this signal is then decimated 2 x 2 for
efficiency, generating what is normally called the subband signal xgy (n1,n2).
Sketch the frequency domain contour plot of this signal. (Note that there has
been an inversion of higher and lower horizontal frequencies.)
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16. This problem relates to the formula for frequency domain effect of general sub-
sampling (2.4-2) and its derivation. Things are made much simpler by using the
alternative definition of the discrete-space Fourier transform [5]:

X (w) 2 Zx(n) exp(— jw! Vn)

=X(V'w).

With this definition, the warping evident in (2.2-4) does not occur, and we have
the simpler expression for aliasing due to general sampling:

Lo
X (@) = GtV !ZXC(w—Uk)} )

allk

Note that in the rectangular case, there is no distinction between these two,

except for the familiar scaling of the analog frequency axes.

(a) Using the alternative FT, find the frequency domain equation corresponding
to direct sampling with sampling matrix MV.

(b) Show that this same equation must correspond to decimating by M after first
sampling with V.

(¢) Use your result in part (b) to justify (2.4-2) as expressed in terms of the
alternative FT

X)(w) = > X@-2M k)¢

certain k

|detM|

(d) Now, can you justify our using k= (0,0)” and k= (1,0)” in Example
2.4-2?
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CHAPTER

Two-Dimensional Systems
and Z-Transforms

In this chapter we look at the 2-D Z-transform. It is a generalization of the 1-D
Z-transform used in the analysis and synthesis of 1-D linear constant coefficient dif-
ference equation-based systems. In two and higher dimensions, the corresponding
linear systems are partial difference equations. The analogous continuous parameter
systems are partial differential equations. In fact, one big application of partial dif-
ference equations is in the numerical or computer solution of the partial differential
equations of physics. We also look at LSI stability in terms of its Z-transform system
function and present several stability conditions in terms of the zero-root locations of
the system function.

LINEAR SPATIAL OR 2-D SYSTEMS

The spatial or 2-D systems we will mainly be concerned with are governed by dif-
ference equations in the two variables n; and ny. These equations can be realized by
logical interconnection of multipliers, adders, and shift or delay elements via either
software or hardware. For the most part, the coefficients of such equations will be
constant, hence the name linear constant coefficient difference equations (LCCDEs).
The study of 2-D or partial difference equations is much more involved than that
of the corresponding 1-D LCCDEs, and much less is known about the general case.
Nevertheless, many practical results have emerged, the most basic of which will be
presented here. We start with the general input/output equation:

Yo anaym—kum—k)= Y biaxm—kum—k), (3.1-1)
(k1,k2)€R 4 (k1,k2)€Rp

where x is the known input and y is the output to be determined. We consider the
coefficients ay, x, and by, x, to be arrays of real numbers and call by, x, the feedfor-
ward coefficients and ay, x, the feedback coefficients. We wish to solve (3.1-1) by
finding output value y for every point in a prescribed region Ry given needed input
values x plus output values y on the boundary of R,. We denote this boundary region
somewhat imprecisely as Rp.. The highest values of k1 and k> on the left-hand side
of (3.1-1) determine the order of the difference equation. In general, such equations
have to be solved via matrix or iterative methods, but our main interest is 2-D filters

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00003-5 75
(© 2012 Elsevier Inc. All rights reserved.
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FIGURE 3.1-1

An example of the solution region of a spatial difference equation solution region using a
nonsymmetric half-plane (NSHP) coefficient support R,.

for which the output y can be calculated in a recursive manner from the input x by
scanning through the data points (ny,n7).

Keeping only the output value y(n1,77) on the left-hand side of (3.1-1), assuming
ap0 # 0 and (0,0) € R,, we can write

Youm)=— Y a g, ym—kim—k)+ Y b gx(m —kim — k),
(k1,k2)€R (k1,k2)€Rp

(3.1-2)

where the a}q & and b}q &, are the normalized coefficients (i.e., those divided by ag ).
Then, depending on the shape of the region R,, we may be able to calculate the solu-
tion recursively. For example, we would say that the direction of recursion of (3.1-2)
is “downward and to the right” in Figure 3.1-1, which shows a scan proceeding left-
to-right and top-to-bottom.! Note that the special shape of the output mask R, in
Figure 3.1-1 permits such a recursion because of its property of not including any
outputs that have not already been scanned and processed in the past (i.e., “above
and to the left”).

Example 3.1-1 shows how such a recursion proceeds in the case of a simple
first-order 2-D difference equation.

|
Example 3.1-1: Simple Difference Equation
We now consider the simple LCCDE

1
y(ny,mp) =x(ny,n2) + E[y(m —L,mp) +y(ny,ny — 1] (3.1-3)

IThe vertical axis is directed downward, as is common in image processing, where typically the
processing proceeds from top to bottom of the image.



3.1 Linear Spatial or 2-D Systems 77

to be solved over the first quadrant (i.e., Ry ={n; > 0,n, >0}). In this example, we
assume that the input x is everywhere zero, but that the boundary conditions given on
Rpe = {n1 = —1} U {ny = —1} are nonzero and specified by

Y=L =y-12)=y(-13)=1,
y(—1,else) =0,
y(else,—1) =0.

To calculate the solution recursively, we first determine a scanning order. In this case, it is
the so-called raster scan used in video monitors: first we process the row ny = 0, starting
at n; =0 and incrementing by one each time; then we increment n, by one, and process
the next row. With this scanning order, the difference equation (3.1-3) is seen to only use
previous values of y at the “present time,” and so is recursively calculable. Proceeding to
work out the solution, we obtain

offofr 1 jrfofo] ]
010 3] 3F § %6 »

mi |00 7|3 16| 5| & —ni.
0105 | % |8 &
00/ &%

In Example 3.1-1 we have computed the solution to a spatial difference equation
by recursively calculating out the values in a suitable scanning order, for a nonzero
set of boundary “initial” conditions, but with zero input sequence. In Example 3.1-2
we consider the same 2-D difference equation to be solved over the same output
region, but with zero initial boundary conditions and a nonzero input. By linearity of
the partial difference equation, the general case of nonzero boundaries and nonzero
input follows by superposition of these two zero-input and zero-state solutions.

|
Example 3.1-2: Simple Difference Equation (cont’d)
We consider the simple LCCDE

1
y(ni,n2) = x(ny,n2) + E[y(m — L) +y(ny,ny — 1] (3.1-4)

to be solved over output solution region Ry = {n; > 0,n > 0}. The boundary condi-
tions given on Ry = {n; = —1}U {ny = —1} are taken as all zeros. The input sequence
is x(n1,n) =8(n1,np). Starting at (ny,n) = (0,0), we begin to generate the impulse
response of the difference equation. Continuing the recursive calculation for the next few
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columns and rows, we obtain

[offofofofofofo[-]
001 33|31

ml [0]3] 3§ 6| —n.
ol 1] 2610
4 | 8 | 16 32

05| 1|

It turns out that this spatial impulse response has a closed-form analytic solution
(1, 2],
ny+ny

y(ni,mp) = h(ng,np) = < 0

>2("1+n2)u++(ﬂ1,n2),

where (nl +n2) is the combinatorial symbol for “n + ny things taken ny at a time,”
n

ny +m (n; +np)!
=——, for n >0,n,>0,
( ni ) n'ny! - -

with 0! taken as 1, and where u44(ny,n2) =u(ny,ny) is the first quadrant unit step
function. [ |

Though it is usually the case that 2-D difference equations do not have a closed-
form impulse response, the first-order difference equation of Example 3.1-2 is one
of the few exceptions. From these two examples, we can see it is possible to write
the general solution to a spatial linear difference equation as a sum of a zero-input
solution given rise by the boundary values plus a zero-state solution driven by the
input sequence

y(n1,n2) =yzi(n1,n2) +yzs(ni,n2).

This generalizes the familiar 1-D systems theory result. To see this, consider a third
example with both nonzero input and nonzero boundary conditions. Then note that
the sum of the two solutions from these examples will solve this new problem.

In general, and depending on the output coefficient support region R, there can
be different recursive directions for (3.1-1), which we can obtain by bringing other
terms to the left-hand side and recursing in other directions. For example, we can take
(3.1-4) from Example (3.1-2) and bring y(n1,n2 — 1) to the left-hand side to yield

y(ni,np —1) = =2y(n1,no) + 2x(ny,n) + y(ny — 1,n2),
or equivalently,
y(ni,m) = =2y(n,na+1) +y(ny — Lny + 1) + 2x(ny,n2 + 1),

with direction of recursion upwards, to the right or left. So the direction in which a
2-D difference equation can be solved recursively, or recursed, depends on the
support of the output or feedback coefficients (i.e., R,). For a given direction of
recursion, we can calculate the output points in particular orders that are constrained
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by the shape of the coefficient support region R, resulting in an order of computa-
tion. In fact, there are usually several such orders of computation that are consistent
with a given direction of recursion. Further, usually several output points can be
calculated in parallel to speed the recursion.

Such recursive solutions are appropriate when the boundary conditions are only
imposed “in the past” of the recursion—i.e., not on any points that must be calculated.
In particular, with reference to Figure 3.1-1, we see no boundary conditions on the
bottom of the solution region. In the more general case where there are both “initial”
and “final” conditions, we can fall back on the general matrix solution for a finite
region.

To solve LCCDE (3.1-1) in a finite solution region, we can use linear algebra and
form a vector of the solution y scanned across the region in any prespecified manner.
Doing the same for the input x and the boundary conditions y,,., we can write all the
equations with one very large dimensioned vector equation,

x =Ay +Bybc’

for appropriately defined coefficient matrices A and B. For a 1000 x 1000 image, the
dimension of y would be 1,000,000. Here, Ay provides the terms of the equations
where y is on the region, and By, provides the terms when y is on the boundary. A
problem at the end of the chapter asks you to prove this fact.

If the solution region of the LCCDE is infinite, then as in the 1-D case, it is often
useful to express the solution in terms of a Z-transform, which is our next topic.

Z-TRANSFORMS

|
Definition 3.2-1: Z-Transform
The 2-D Z-transform of a two-sided sequence x(n;,n») is defined as follows:

+00 +00
X2 Y Y xum)y ", (3.2-1)

np=—00ny=—00

where (z1,z2) € C2, the “2-D” (really 4-D) complex Cartesian product space. In general,
there will be only some values of (z1,z2)7 £z for which this double sum will converge.
Only absolute convergence,

+0o0 +o0
—n —n
oY xnaz M
n|=—00 np=—00
+o0 +00
= > > )l ™l ™" < o0,
np=—00ny=—00

is considered in the theory of complex variables [3, 4], so we look for joint values of |z;]
and |zz| that will yield absolute convergence. The set of z for which this occurs is called
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the region of convergence, denoted R,. In summary, a 2-D Z-transform is specified by its
functional form X(z1,z2) and its convergence region R. [ |

Similar to the 1-D case, the Z-transform is simply related to the Fourier transform,
when both exist:

X(z1,22); —ivi = X(@1,@2),
ZZZE/WZ

with the customary abuse of notation.>

A key difference from the 1-D case is that the 2-D complex variable z exists in
a 4-D space and is hard to visualize. The familiar unit circle becomes something a
bit more abstract, the unit bi-circle in C2 [4]. The unit disk then translates over to
the unit bi-disk, {|z1|> + |z2|> < 1} € C2. Another key difference for two and higher
dimensions is that the zeros of the Z-transform are no longer isolated. Two different
zero loci can intersect.

|
Example 3.2-1: Zero Loci
Consider the following signal x(ny,n2):

m\n [0 1
0o [[1]2];
1o[2]1

with assumed support {0,1} x {0, 1}. This simple four-point signal could serve, after nor-
malization, as the impulse response of a simple directional spatial averager, giving an
emphasis to structures at 45°. Proceeding to take the Z-transform, we obtain

X(z1,22) =1 —I—Zzl_l —|—2z2_1 —I—zl_lzz_l.

This Z-transform X is seen to exist for all C2 except for z; = 0 or z, = 0. Factoring X, we
obtain

X(@,2) =14+25 " +z7 e+ h,
which upon equating to zero gives the zero (z1,z2) locus

_222+1
n+2’

1= for zp# -2,

z] = 400, otherwise.

2To avoid confusion, when the same symbol X is being used for two different functions, we note that
the Fourier transform X(w,w,) is a function of real variables, while the Z-transform X(z1,z2) is a
function of complex variables. A pitfall, for example X(1,0), can be avoided by simply writing either

X(w1,w2)|w,=1 0r X(21,22)|z,=1, whichever is appropriate, in cases where confusion could arise.
wr=0 =0
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We notice that for each value of z; there is a corresponding value of z; for which the
Z-transform X takes on the value of zero. Notice also that, with the possible exception of
7z = —2, the zero locus value z; =f (z2) is a continuous function of the complex variable
z2. This first-order 2-D system thus has one zero locus. ||

We next look at a more complicated second-order case where there are two root
loci that intersect, but without being identical; therefore, we cannot just cancel the
factors out. In the 1-D case that we are familiar with, the only way there can be a
pole and zero at the same z location is when the numerator and denominator have
a common factor. Example 3.2-2 shows that this is not true in general for higher
dimensions.

L
Example 3.2-2: Intersecting Zero Loci
Consider the Z-transform

X(z1,22) = (1 +z21)/(1 +z122),

for which the zero locus is easily seen to be (z1,22) = (—1,%), and the pole locus is
(z1,22) = (@, —1/a), where x represents an arbitrary complex number and « is any
nonzero complex number. These two distinct zero sets are seen to intersect at (z1,z2) =
(—1,1). One way to visualize these root loci is root mapping, which we will introduce later
when we study the stability of 2-D filters (see Section 3.5). [ |

Next, we turn to the topic of convergence for the 2-D Z-transform. As in the 1-D
case, we expect that knowledge of the region in z space where the series converges
will be essential to the uniqueness of the transform, and hence to its inversion.

REGIONS OF CONVERGENCE

Given a 2-D Z-transform X(z1,z2), its region of convergence (ROC) is given as the
set of z for which

+00 +o00

= Y Y k)l al ™ [zl

np=-—00ny=—00
+00 +0o0

= D> Y k)M "™ < oo, (3.3-1)
ny=—0o0ny=—00

where r| £ |z1| and ry £ |z2| are the moduli of the complex numbers z; and z5. The
ROC can then be written in terms of such moduli values as

Ry = {(z1,22)| |z1] = r1, |z1] = r2, and (3.3 — 1) holds}.
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FIGURE 3.3-1

The 2-D complex magnitude plane. Here, (o) denotes the unit bi-circle and (+) denotes an
arbitrary point at (0, 29).

Since this specification only depends on magnitudes, we can plot ROCs in the
convenient magnitude plane (Figure 3.3-1).

|
Example 3.3-1: Z-Transform Calculation
We consider the spatial, first quadrant step function

x(n1,n2) = uq 4 (n1,n2) = u(ng,ny).

Taking the Z-transform, we have the following from (3.2-1):

+00 +o00
—ny_—n
X@a)= ), D umnmzn Mz
np=—00ny=—00
+00 400
—n —n

=2 2 u'y”

n1=0n=0

+00 +00
_ —ny —ny
=2 a2 a

n;=0 np=0

1

=— for |z1]>1 and |z2|>1,
-z, 1-2,

71 22

= with Ry={lz1] > 1,|z2| > 1}.
71—1z20—1

We can plot this ROC on the complex z-magnitude plane as in Figure 3.3-2. Note that
we have shown the ROC as the gray region and moved it slightly outside the lines |z1] =1
and |zz| =1 in order to emphasize that this open region does not include these lines. The
zero loci for this separable signal are the manifold z; = 0 and the manifold z; = 0. These
two distinct loci intersect at the complex point z; =z = 0. The pole loci are also two in
number and occur at the manifold z; = 1 and the manifold z, = 1. We note that these two
pole loci intersect at the single complex point z; =z, = 1.
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2]

R

FIGURE 3.3-2

>|z4]

The gray area illustrates the ROC for the Z-transform of the first quadrant unit step function

u(ny,ng) = uy4(ny,n2).

Next, we consider how the Z-transform changes when the unit step switches to

another quadrant.

Example 3.3-2: Unit Step Function in the Fourth Quadrant

Here, we consider a unit step function that has support on the fourth quadrant. We denote

itas uy—_(ny,mp):

A
uy—(ny,n) = 0. else

So, setting x(n1,nz) = uy—(n1,n2), we next compute
400

400
X(z1,22) = Z Z uy—(n,m)z; 'z

np=—00ny;=—00

+o00 0
_ —np —ny
= Z 4 Z o)

n;=0 np=—00

+oo +0o0 o
— —ny 2 : /A
= Z - Z ) with ny, = —np

np=0 n’2:0
1 1

=— for |z1]>1

-z -2

. 21

z71—1z0—1

The ROC is shown as the gray area in Figure 3.3-3.

All four quarter-plane support, unit step sequences have the special property of
separability. Since the Z-transform is a separable operator, this makes the calculation
split into the product of two 1-D transforms in the n; and n; directions, as we have

1, n;>0,n <0,

—ny
2

and

2] < 1,

with Ry ={|z1] > 1,]z2] < 1}.
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|z2]

0 1 |z4|

FIGURE 3.3-3

The ROC (gray area) for the fourth quadrant unit step function u4— (n,n2).

just seen. The ROC then factors into the Cartesian product of the two 1-D ROCs. We
look at a more general case next.

More General Case

In general, we have the Z-transform

B(z1,22)
X(@z1,22) = —,
Az1,22)
where both B and A are polynomials in coefficients of some partial difference
equation,
+N; +No

B(z1,22) = Z Z b(nl,nz)zfnlzgnz and

ny=—Njny=—N;

+Np +Na

Az = Y Y amm)z "™,

n=—Ninp=—N,

To study the existence of this Z-transform, we focus on the denominator and rewrite
A as

—N1 _—No7y
A@z1,22) =z2; 'z, *A(z1,22),

where A is a strict-sense polynomial in 71 and z» (i.e., no negative powers of z; or
z2). Grouping together terms in 2, we can write

M
A1) =Y a7,
n=0
yielding Ny poles (N} at most!) for each value of 2,
Zil Zﬁ(ZZ), i:1,...,ﬁ1.

A sketch of such a pole surface is plotted in Figure 3.3—4. Note that we are only
plotting the magnitude of one surface here, and this plot therefore does not tell the
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I2i|=If(z,)

A

> Im(z,)

Re(z;)

FIGURE 3.3-4

Sketch of pole magnitude |z’i| surface as a function of a point in the zo complex plane.

whole story. Also there are N 1 such sheets. Of course, there will be a similar number
of zero loci or surfaces that come about from the numerator

Ny
Bai,n) =) bu(),
n=0

where B(z1,22) = zl_Nl 2 NZE(Z],ZQ). Note that these zero surfaces can intersect the

pole surfaces (as well as each other) without being identical. Thus indeterminate
0

¢ Ssituations can arise that cannot be simply canceled out. One classic example
is [5]
21t+z22—2
(z1—D@—1)’

which evaluates to 8 at the point (z1,z2) = (1, 1), and yet has no cancelable factors.

SOME Z-TRANSFORM PROPERTIES

Here, we list some useful properties of the 2-D Z-transform that we will use in the
sequel. Many are easy extensions of known properties of the 1-D Z-transform, but
some are essentially new. In listing these properties, we introduce the symbol Z for
the 2-D Z-transform operator.

Linearity property:

Z{ax(ni,n2) + by(n1,n)} = aX(z1,22) + bY(z1,22), withROC =R, NR,.
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Delay property:
Z{x(ny —ki,my — k2)) = X(z1,22)7, 12, %, with ROC = R,
Convolution property:
Z{x(n1,n2) *y(n1,n2)} = X(z1,22)Y(21,22), withROC =R, N'R,.
Symmetry properties:
Z{x*(n1,n2)} = X*(z],23), withROC =TR,.
Z{x(—n1,—m)} =Xz 125", withROC = {(z1, )1z, 1) € Ry}

The proofs of these properties are very similar to the proofs in the 1-D case.
Theorem 3.4—1 provides a statement and proof of the very important 2-D convolution
property.

[

Theorem 3.4-1: Z-Transform Convolution
Let x(ny,n2) <— X(z1,22) and y(ny,n2) <— Y(z1,22); then

Z{x(n1,m) *y(n,n)} = X(z1,22)Y (z1,22), withROC=R;NR,.

Proof We use the vector index notation, r £ (n1,n2) and z £ (z1,z2), and define the
output g(r) £ x(n) * y(n) = > xk)y(n —k), and its 2-D Z-transform

G@ =) g™

Note the perhaps strange symbol z™" £ zf"‘zgnz, which is used for notational simplicity.

Then we can write

G =) ) aym—kz™"
n K

=Y > xz*ym -tz
n i

= xtz* {Z y(n —k)z("'k)i|
k n

=Y xk)z * Y@
k

=X@)Y{).

For the ROC, clearly we need to have z in both regions of convergence for the product to be
defined; thus we set Ry = Ry N'R,. If the intersection is null, then there is no Z-transform
in this case. [ |

A “new” named property for 2-D Z-transforms is given next. It is new in the sense
that the corresponding 1-D result is rather insignificant.
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Linear Mapping of Variables

Consider two signals x(n1,#2) and y(n1,n2), which are related by the so-called linear

mapping of variables
] [l
ny | b o] (m]

so that x(n1,n2) = y(n},n}) = y(liiny + hana, hiny + lony), where the matrix com-
ponents [; are all integers, as required. The following relation then holds for the
corresponding Z-transforms X and Y:
_ h b Jhe ln
Y(Zl,zz)—X<z1 7.2,°2, ) (3.4-1)

with convergence region

Ry = {(Zl,zz)

[
(Z1”Z22] ,Z]12Z222> € Rx} )

This integer mapping of variables gives a warping of the spatial points (ny,ny),
which is useful when we discuss stability tests and conditions for systems via their
Z-transforms in a later section. A 1-D corresponding result might be the sample rate
increase x(n) = y(n’') = y(2n). Note that we cannot, in general, go back from x to y in
either one or two dimensions. However, in two dimensions, and for nontrivial cases,
the inverse mapping matrix may have integer coefficients. In that case, the two signals
carry the same information and are just warped versions of each other. Note that the
only 1-D case then would be x(n) = y(£n), which is almost completely constrained
and not very interesting.

L
Example 3.4-1: Linear Mapping of Variables

In this example we use linear integer mapping of variables to map a signal from a general
wedge support? to a first quadrant support. We set

x(ny,n2) = y(ny +nz,n2),

with x having the support indicated in Figure 3.4-1. Now this transformation of variables
also has an inverse with integer coefficients, so it is possible to also write y in terms of x:

y(n/l ,n’z) = x(n/l — n’zn/z)
By the relevant Z-transform property, we can say

Y(z1,22) = X(z1,2122), (3.4-2)

3By “wedge support” we mean that the signal support is first quadrant plus a wedge from the second
quadrant, with the wedge indicated by a line at angle 6. For this example, 6 = 45°.
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but also, because the inverse linear mapping is also integer valued, the same property
says

X(z1.22) = Y(@1.2; '22),

which is alternatively easily seen by solving (3.4-2) for X(z1,22)-

ny ny
X —> y
o oo n1 o o n1
FIGURE 3.4-1
Example of linear mapping of variables. [ ]

In a later section we will develop Z-transform—based stability tests for first quad-
rant filters. Linear mapping of variables will be a way to extend these tests to other,
more general filters—i.e., those whose denominator coefficient support is wedge
shaped.

Inverse Z-Transform
The inverse Z-transform is given by the contour integral [3, 4]

1 “ma—1
x(ng,n) = —.?ng(m,zz)z"‘ Y dzidz,
(2mj)? b=
Ci C

where the integration path C; x C; lies completely in R, the ROC of X, as it must.
We can think of this 2-D inverse Z-transform as the concatenation of two 1-D inverse
Z-transforms:

LY L "z | 2l 3.4-3
x(ny,np) = -— - @ X(z1,22)7) du | " dz. (3.4-3)
2rj 2mj

Cy Cy

For a rational function X, the internal inverse Z-transform on the variable z; is
straightforward albeit with poles and zeros that are a function of the other variable
2p. For example, either partial fraction expansion or the residue method [3] could
be used to evaluate the inner contour integral. Unfortunately, the second, or outer,
inverse Z-transform over z; is often not of a rational function,* and, in general, is not
amenable to closed-form expression. Some simple cases can be done, though.

4The reason it is not generally a rational function has to do with the formulas for the roots of a poly-
nomial. In fact, it is known that above fourth order, these 1-D polynomial roots cannot be expressed in
terms of a finite number of elementary functions of the coefficients [6].
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L
Example 3.4-2: Simple Example Resulting in a Closed-Form Solution

A simple example where the preceding integrals can be easily carried out results from the
Z-transform function

fal

X(z1,22) = al |’

-1

————, with Rx:{|22|<
1—az; 22

where we take the case |a| < 1. We can illustrate this region of convergence as shown in
Figure 3.4-2.

|22

|z4|

FIGURE 3.4-2
Illustration of ROC (shaded area) of the example Z-transform.

Proceeding with the inverse transform calculation (3.4-3), we get

1 1 1 _ _
x(ny,np) = Tyg 7% — 2 Laz, 2y Ldz,.
7j 2nj J 1 —az 'z
G ¢

Now, the inner integral corresponds to the first-order pole at z; = azp, whose 1-D inverse
Z-transform can be found using the residue method, or any other 1-D evaluation
method, as

1 1 _
— "y = ()" uGmy).
27TJC l—az 22
1

Thus the overall 2-D inverse Z-transform reduces to
1 _
x(ny,np) = =— jé (az2)" u(n))Zy "~ dzy
27
C
_ anlu(nl)i %anznzfldzz
27'[j 2 %2

C

=a"u(ny)8(ny +no),
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with support on the diagonal set {n; > 0} N{n, = —n;}. Rewriting, this result becomes

", >0 d =—ny,
x(nl,nz) _ a ny = an ny ni -
0, else.
Other methods to invert the 2-D Z-transform are:
* Direct long division of the polynomials
* Known series expansion
* Use of Z-transform properties on known transform pairs
[
Example 3.4-3: Long Division Method for Inverse Z-Transform
We illustrate the long division method with the following example. Let
1 .
X@22)=———, with Re={lzal <lzil}.
-z, 2
We proceed to divide the denominator into the numerator as follows:
1 +zl_lzz +zl_zz% +--
-7 V1
- zflzz
zl_lm
zl_lzz - zl_zz%
%
zl_zz% - zl_sz% .
So
— = 1+zflzz +zf22%+zf3zg +-,
-z 2
which converges for ‘z,‘lm‘ <1(.e., |z] <lz1D. L

The 1-D partial fraction expansion method for inverse Z-transform does not carry
over to the 2-D case. This is a direct result of the nonfactorability of polynomials in

more than one variable.

|
Example 3.4-4: 2-D Polynomials Do Not Factor

In the 1-D case, all high-order polynomials factor into first-order factors, and this prop-
erty is used in a partial fraction expansion. In the multidimensional case, polynomial
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factorization cannot be guaranteed anymore. In fact, most of the time it is absent, as the
following example illustrates. Consider a signal x, with 3 x 3 support, corresponding to a
2 x 2 order polynomial in z; and z». If we could factor this polynomial into first-order fac-
tors, that would be the same as representing this signal as the convolution of two signals,
say a and b, of support 1 x 1. We would have

X2 X12 X2
apy ay bo1  bn
Xo1 X111 X211 = ® ,
agy  aio boo  b1o
X00 X10 X20

or in Z-transforms (polynomials), we would have

X(z1,22) = A(z1,22)B(z1,22)-

The trouble here is that a general such x has nine degrees of freedom, while the total num-
ber of unknowns in a and b is only eight. If we considered factoring a general N x N array
into two factors of order N/2 x N/2, the deficiency in number of unknowns (variables)
would be much greater—i.e., N? equations versus 2(N/2)? = N2/2 unknowns! [ |

The fact that multidimensional polynomials do not factor has a number of other
consequences, beyond the absence of a partial fraction expansion. It means that in
filter design, one must take the implementation into account at the design stage. We
will see in Chapter 5 that if one wants, say, the 2-D analog of second-order factors,
then one has to solve the design approximation problem with this constraint built in.
But also a factored form may have larger support than the corresponding nonfactored
form, thus possibly giving a better approximation for the same number of coeffi-
cients. So this nonfactorability is not necessarily bad. Since we can always write the
preceding first-order factors as separable, then 2-D polynomial factorability down to
first-order factors would lead back to a finite set of isolated poles in each complex
plane.

Generally, we think of the Fourier transform as the evaluation of the Z-transform
on the unit polycircle {|z1]| = |z2]| = 1}; however, this assumes the polycircle is in
the region of convergence of X(z1,z2), which is not always true. The next example
demonstrates this exception.

L
Example 3.4-5: Comparison of Fourier Transform and Z-Transform

Consider the first quadrant unit step function w4 (n1,n2). Computing its Z-transform, we
earlier obtained

1

-1’

Uyi(z1,22) =
l-g ' -5

which is well behaved in its region of convergence R, = {|z1| > 1,|z2] > 1}. Note, however,
that the corresponding Fourier transform has a problem here and needs impulses to get
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by. In fact, using the separability of 4 (n1,n2) and noting the 1-D Fourier transform pair,

un) & U(w)=né(w)+ 17. s
1—e/®

we obtain the 2-D Fourier transform,
1 1
Usii(wr,03) = |:718(a)1) + m} |:7T5(a)2) + m] .

If we consider the convolution of two of these step functions, this should correspond to
multiplying the transforms together. For the Z-transform, there is no problem, and the
region of convergence remains unchanged. For the Fourier transform, though, we would
have to be able to interpret [8(w;)]*> which is not possible, as powers and products of
singularity functions are unstudied and so not defined.

Conversely, a sequence that has no Z-transform but does have a Fourier transform is
sinwn, which in two dimensions becomes the plane wave sin(wn1 + wynz). Thus each
transform has its own useful place. The Fourier transform is not strictly a subset of the
/-transform, because it can use impulses and other singularity functions, which are not
permitted to Z-transforms. [ |

We next turn to the stability problem for 2-D systems and find that the Z-transform
plays a prominent role just as in one dimension. However, the resulting 2-D stability
tests are much more complicated, since the zeros and poles are functions, not points,
in 2-D z space.

2-D FILTER STABILITY

Stability is an important concept for spatial filters, as in the 1-D case. The finite
impulse response (FIR) filters are automatically stable due to the finite number of pre-
sumably finite-valued coefficients. Basically, stability means that the filter response
will never get too large, if the input is bounded. For a linear filter, this means that
nothing unpredictable or chaotic could be caused by extremely small perturbations in
the input. A related notion is sensitivity to inaccuracies in the filter coefficients and
computation, and stability is absolutely necessary to have the desired low sensitivity.
Stability is also necessary so that boundary conditions (often unknown in practice)
will not have a big effect on the response far from the boundary. So, stable systems
are preferred for a number of practical reasons. We start with the basic definition of
stability of an LSI system.

|
Definition 3.5-1: Stability of an LSI System

We say a 2-D LSI system with impulse response h(ny,n) is bounded-input bounded-
output (BIBO) stable if

+0o0
Ihlly &Y Jhtki k)| < 0.

kl,k2=7oo
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The resulting linear space of signals is called {;, and the norm | &||; is called the {; norm.
Referring to this signal space, we can say that the impulse response is BIBO stable if and
only if (iff) it is an element of the /; linear space; that is,

system is stable <= h €. (3.5-1)

Clearly, this means that for such a system described by convolution, the output
will be uniformly bounded if the input is uniformly bounded. As we recall from
Chapter 1, Section 1.1,

yu,m)| =D x(r — ki,ny — ka)h(ki ko)
ky.ky

< max [x(ki, k2)| - | D hlki,ka)
ki.kz

=M-|hll;

< 00,

where M < oo is the assumed finite uniform bound on the input signal magnitude |x|,
and the /; norm ||| is assumed finite.

This BIBO stability condition is most easily expressed in terms of the Z-transform
system function H. Because for Z-transforms convergence is really absolute conver-
gence, the system is stable if

the point (z1,22) = (1,1) € Ry,
where R, is the ROC of H(z1,z2). In general, for a rational system, we can write

B(z1,22)

H(z1,22) = ——,
A(z1,22)

where A and B are 2-D polynomials in the variables z; and z;. In one dimen-
sion, the corresponding statement would be H(z) = B(z)/A(z), and stability would
be determined by whether 1 € ROC of 1/A; that is, we could ignore the numera-
tor’s presence, assuming no pole-zero cancellations. However, in the case of two and
higher dimensions, this is no longer true, and it has been shown [5] that partial pole-
zero cancellations can occur in such a way that no common factor can be removed,
and so that the resulting filter is stable because of the effect of this numerator. Since
this is a somewhat delicate situation, here we look for a more robust stability, and so
look at just the poles of the system H, which are the zeros of the denominator poly-
nomial A(z1,z2). For such robust stability, we must require A(z1,z2) 7 0 in a region
including (z1,z2) = (1, 1), analogously to the 1-D case.
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First Quadrant Support
If a 2-D digital filter has first quadrant support, then we have the following property
for its Z-transform. If the Z-transform converges for some point (z(l),zg), then it must

also converge for all (z1,22) € {|z1| > |z?
have

szl = |z(2)|} because for such (z1,z2) we

—k
P

—ky
> Itk ™ s Y k! ][]

k1>0,k2>0 k1>0,k2>0

Thus since filters that are stable must have (1,1) € Ry, first quadrant support filters
that are stable must have an ROC that includes {|z;| > 1,|zz| > 1}, as sketched in
Figure 3.5-1 as the gray region. Note that the region slightly overlaps the lines
|z1] =1 and |z2] = 1 in order to emphasize that these lines must be contained in the
open region that is the ROC of a first quadrant support and stable filter.

We are not saying that the ROC of first quadrant support stable filters will look
like that sketched in Figure 3.5—1, just that the convergence region must include the
gray area.

Second Quadrant Support

If a 2-D digital filter has second quadrant support, then we have the following prop-
erty for its Z-transform. If the Z-transform converges for some point (z(l),z(z)), then it

must also converge for all (z1,22) € {|z1] < |2}|.1z2| > ||}, because for such (z1,22)
we have
—ki —ko
>tk al ™ el s Y Ikl [ 8
k1<0,ky>0 k1<0,ky>0

Thus since filters that are stable must have (1,1) € R, second quadrant support fil-
ters that are stable must have an ROC that includes {|z;]| < 1,|z2| > 1}, as sketched
in Figure 3.5-2 as the gray region. Note that the region slightly overlaps the lines
|z1] =1 and |z2| = 1 in order to emphasize that these lines must be contained in the
open region that is the ROC of a second quadrant support and stable filter.

|Z5]
A

>|z4|

N
I
T
|
|
|
|
|
|
|
A ———————g==========7

FIGURE 3.5-1
Region that must be included in the ROC of a stable first quadrant support filter.
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> |z4]

FIGURE 3.5-2
Region that must be included in the ROC of a second quadrant support stable filter.

|
Example 3.5-1: A Region of Convergence
Consider the spatial filter with impulse response

a', n; <0andny =—nq,
h(ny,ny) = 0. else

with |a| > 1. Note that the support of this 4 is in the second quadrant.
Computing the Z-transform, we obtain

1 2

H(z1,22) =1+a" zlzz_l +a’21%z2_ +e

1 . _ _
= . with Ry ={lal ™ all2l T < 1),
l—a'z1z,

We can sketch this ROC as shown in Figure 3.5-3.

|Z]
A

>|z4]
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I
T
I
I
I
I
I
I
I
B e . it

FIGURE 3.5-3
Sketch of ROC (gray area) of example Z-transform. [
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If a 2-D filter has support in either of the remaining two quadrants, the ROC
minimal size region can easily be determined similarly. We have thus proved our first
theorems on spatial filter stability.

|
Theorem 3.5-1: Shanks et al. [7]

A 2-D or spatial filter with first quadrant support impulse response h(ny,n,) and rational
system function H(z1,22) = B(z1,22)/A(z1,22) is BIBO stable if A(z1,22) #0 in a region
including {|z1] > 1,|z2| > 1}. Ignoring the effect of the numerator B(z;,z»), this is the same
as saying that H(zy,zp) is analytic (i.e., H # oo) in this region. [ |

For second quadrant impulse response support, we can restate this theorem.

|
Theorem 3.5-2:

A 2-D or spatial filter with second quadrant support impulse response h(n1,n,) and rational
system function H(z1,22) = B(z1,22)/A(z1,22) is BIBO stable if A(z1,z2) #0 in a region
including {|z1] < 1,|z2| > 1}. -

Similarly, here are the theorem restatements for filters with impulse response
support on either of the remaining two quadrants.

|
Theorem 3.5-3:

A 2-D or spatial filter with third quadrant support impulse response h(n;,n2) and rational
system function H(z1,22) = B(z1,22)/A(z1,22) is BIBO stable if A(z1,z2) #0 in a region
including {|z1] < 1,|z2| < 1}. -

|
Theorem 3.5-4:

A 2-D or spatial filter with fourth quadrant support impulse response h(n,n) and rational
system function H(z1,22) = B(z1,22)/A(z1,22) is BIBO stable if A(z1,22) #0 in a region
including {lz1] > L,]z2| < 1}.

If we use the terminology ++ to refer to impulse responses with first quadrant
support, —+ referring to those with second quadrant support, and so forth, then all
four zero-free regions for denominator polynomials A can be summarized in the
diagram of Figure 3.5—4. In words, we say “a +-+ support filter must have ROC
including {|z1| > 1,|z2| > 1},” which is shown as the ++ region in this figure. A
general support spatial filter can be made up from these four components as either a
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FIGURE 3.54
Illustration of necessary convergence regions for all four quarter-plane support filters.

sum or convolution product of these quarter-plane impulse responses:

h(ny,n2) = hyy(ny,n2) +hy_(ny,n2) +h_y(ny,n2) +h__(ny,ny) or

h(ni,n2) = hyy(n1,n) * hy—(n1,n2) x h_y (ny,n2) * h—_(ny,nz).

Both these general representations are useful for 2-D recursive filter design, as we
will see in Chapter 5.

To test for stability using the preceding theorems would be quite difficult for all
but the lowest order polynomials A, since we have seen that the zero loci of 2-D
functions are continuous functions in one of the complex variables, hence requiring
the evaluation of an infinite number of roots. Fortunately, it is possible to simplify
these theorems. We will take the case of the ++- or first quadrant support filter here
as a prototype.

|
Theorem 3.5-5: Simplified ++ Test
A ++ filter with first quadrant support impulse response h(ny,n2) and rational system
function H(z1,z2) = B(z1,22)/A(z1,22) is BIBO stable if

(a) A(&®1,25) # 0 in a region including {all w1, |z2| > 1}

(b) A(zi,&2) 0 in a region including {|z1| > 1, all w}

Proof We can construct a proof by relying on Figure 3.5-5. Here, the xx represent
known locations of the roots when either |z;] =1 or |zz] = 1. Now, since it is known in
mathematics that the roots must be continuous functions of their coefficients [6], and
since the coefficients, in turn, are simple polynomials in the other variable, it follows that
each of these roots must be a continuous function of either z; or z. Now, as |z1] 7, beyond
1, the roots cannot cross the line |z2| = 1 because of condition b. Also, as |z2| 7, beyond
1, the roots cannot cross the line |z;] = 1 because of condition a. We thus conclude that
the region {|z1| > 1,]z2] > 1} will be zero free by virtue of conditions a and b as was to be
shown.
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| S by (®)
\)Ié_/
V
} > |Z4|
0 1
FIGURE 3.5-5
Figure used in proof of Theorem 3.5-5. [ |

This theorem has given us considerable complexity reduction, in that the 3-D
conditions a and b can be tested with much less work than can the original 4-D C?
condition. To test condition a of the theorem, we must find the roots in zp of the
indicated polynomial, whose coefficients are a function of the scalar variable w,
with the corresponding test for theorem condition b.

Root Maps

We can gain more insight into the previous theorem by using the technique of root
mapping. The idea is to fix the magnitude of one complex variable, say |z1| =1,
and then find the location of the root locus in the z> plane as the phase of z; varies.
Looking at condition a of Theorem 3.5-5, we see that as w; varies from — to +7, the
roots in the z> plane must stay inside the unit circle there, in order for the filter to be
stable. In general, there will be N such roots or root maps. Because the coefficients of
the zp polynomial are continuous functions of z;, as mentioned previously, it follows
from a theorem in algebra that the root maps will be continuous functions [6]. Since
the coefficients are periodic functions of w1, the root maps will additionally be closed
curves in the z; plane. This is illustrated in Figure 3.5-6. Thus a test for stability based
on root maps can be constructed from Theorem 3.5-5 by considering both sets of root
maps corresponding to part (a) and part (b) and showing that all the root maps stay
inside the unit circle in the target z plane.

Two further Z-transform stability theorem simplifications have been discovered
as indicated in the following two stability theorems.

|
Theorem 3.5-6: Huang [8]
The stability of a first quadrant or +4 quarter-plane filter of the form H(z;,z2) =
B(z1,22)/A(z1,72) is assured by the following two conditions:

(a) A(®1,20) # 0 in a region including {all w1, |z2] = 1}

(b) A(zy,1)#O0forall |z1] > 1
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FIGURE 3.5-6

Illustration of root map of condition (a) of the previous Theorem 3.5-5.

Proof By condition a, the root maps in the z, plane are all inside the unit circle. But
also, by condition a, none of the root maps in the z; plane can cross the unit circle. Then
condition b states that one point on these z; plane root maps is inside the unit circle (i.e.,
the point corresponding to w, = 0). By the continuity of the root map, the whole z; plane
root map must lie inside the unit circle. Thus by Theorem 3.5-5, the filter is stable. 1l

A final simplification results in the next theorem.

L
Theorem 3.5-7: DeCarlo-Strintzis [9]

The stability of a first quadrant or ++ quarter-plane filter of the form H(zj,z) =
B(z1,22)/A(z1,72) is assured by the following three conditions:

(a) A(®1,d®2) £ 0 for all wy,wy
(b) A(zy,1)#O0forall |z1] > 1
(c) A(l,z2) #O0forall || > 1

Proof Here, condition a tells us that no root maps cross the respective unit circles. So, we
know that the root maps are either completely outside the unit circles or completely inside
them. Conditions b and c tell us that there is one point on each set of root maps that is
inside the unit circles. We thus conclude that all root maps are inside the unit circles in
their respective z planes. [ |

A simple example of the use of these stability theorems in stability tests follows.

|
Example 3.5-2: Filter Stability Test

Consider the spatial filter with impulse response support on the first quadrant and system
function

1

H(z1,22) = 1 -1
l—aZl +bZ2
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sothatwe have A(z1,22) = 1 — azl_l +bz2_l. By Theorem 3.5-1, we must have A(z1,z2) # 0
for {|lz1] = 1,]z2| = 1}. Thus all the roots z, = f(z1) must satisfy |z2| = |f(z1)| < 1 for all
|z1| > 1. In this case, we have, by setting A(z1,z2) =0, that

b
22 :f(Zl) P E—
1 —az,
Consider |z1] > 1; assuming that we must have |a| < 1, then
bl _ bl

‘1—&2;1‘ - 1—|a|’

lz2| =

with the maximum value being achieved for some phase angle of z;. Hence, for BIBO
stability of this ++ filter, we need
|b]
1 —|al
The last detail now is to deal with the assumption that |a| < 1. Actually, it is easy to see
that this is necessary, by setting |z| = oo and noting the root at z; = a, which must be
inside the unit circle. [ |

< 1 or equivalently |a| + |b| < 1.

Stability Criteria for NSHP Support Filters

The ++ quarter-plane support filter is not the most general one that can follow a
raster scan (horizontal across, and then down) and produce its output recursively, or
what is called a recursively computable set of equations. We saw in Example 3.4—1
a wedge support polynomial that can be used in place of the quarter-plane A(z1,z2)
of the previous subsection. The most general wedge support, which is recursively
computable in this sense, would have support restricted to a nonsymmetric half-plane
(NSHP), defined as

a NSHP region £ {n; > 0,n; > 0} U {n < 0,13 > 0},

and illustrated in Figure 3.5-7. With reference to this figure, we can see that an NSHP
filter makes wider use of the previously computed outputs, assuming a conventional
raster scan, and hence is expected to have some advantages. We can see that this
NSHP filter is a generalization of a first quadrant filter, which includes some points
from a neighboring quadrant, in this case the second. Extending our notation, we can
call such a filter a @+NSHP filter, with other types being denoted 6+, +6, etc. We
next present a stability test for this type of spatial recursive filter.

|
Theorem 3.5-8: (NSHP Filter Stability [101)
A ®+NSHP support spatial filter is stable in the BIBO sense if its system function
H(z1,22) = B(z1,22)/A(z1,22) satisfies:

(@) H(zj,00) is analytic, i.e., free of singularities, on {|z1| > 1}

(b) H(e™®1, z5) is analytic on {|z2| > 1}, for all wy € [—7,+7] |
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FIGURE 3.5-7

An illustration of NSHP coefficient array support.

Discussion Ignoring possible effects of the numerator on stability, condition a
states that A(z;,00) # 0 on {|z1]| > 1}, and condition b is equivalently the condition
A(et®1 7)) #£0 on {|z2] > 1} for all w; € [, +7], which we have seen several
times before. To see what the stability region should be for a @&+ NSHP filter, we
must realize that now we can no longer assume that n; > 0, so if the Z-transform
converges for some point (z(l),zg), then it must also converge for all (z1,22) € {|z1] =
|Z(l) ,z221 > |zg‘}. By filter stability, we know that i € [] so that the Z-transform H
must converge for some region including {|z1| = |z2| = 1}; thus the ROC for H a &+
NSHP filter must only include {|z1| = 1,|z2] > 1}. To proceed further, we realize that
for any @+ NSHP filter H = 1/A, we can write

A(z1,22) = A(z1,00)A1(21,22),

with A1(z1,22) £ A(z1,22)/A(z1,00). Then the factor A; will not contain any coef-
ficient terms aj(n1,n2) on the current line. As a result its stability can be com-
pletely described by the requirement that A1(e+j"”,12) #0 on {|zz| > 1} for all
w1 € [—rr,+7r].5 Similarly, to have the first factor stable, in the +n; direction, we
need A(z1,00) # 0 on {|z1]| > 1}. Given both conditions a and b then, the &+ NSHP
filter will be BIBO stable.

This stability test can be used on first quadrant quarter-plane filters since they
are a subset of the NSHP support class. If we compare to Huang’s theorem
(Theorem 3.5-6), for example, we see that condition b here is like condition a there,
but the 1-D test (condition a here) is slightly simpler than the 1-D test (condition
b there). Here, we just take the 1-D coefficient array on the horizontal axis for
this test, while in Theorem 3.5—6, we must add the coefficients in vertical columns
first.

SFilters with denominators solely of form A; are called symmetric half-plane (SHP).
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|
Example 3.5-3: Stability Test of ++ Filter Using NSHP Test

Consider again the spatial filter with impulse response support on the first quadrant (i.e.,
a ++ support filter) and system function

1

H(z,22) = —————>
1 —aZl +h22

so that we have A(z1,22) =1 —azf1 +bz2’1. Since it is a subclass of the @+NSHP fil-
ters, we can apply the theorem just presented. First, we test condition a: A(zy,00) =
l—az]_1 =0 implies z; =a, and hence we need |a| < 1. Then, testing condition b, we
have: A(e*®1,25) = 1 —ae 1 —bz; ' =0, which implies that

_ b
2T Taeer
Since we need |z»| < 1, we get the requirement |a| + |b| < 1, just as before. [ |

The next example uses the NSHP stability test on an NSHP filter, where it is
needed.

|
Example 3.5-4: Test of NSHP Filter
Consider an impulse response with @+ NSHP support, given as

1
H@z,2)= ——————>
l—az; +bziz,

where we see that the recursive term in the previous line is now “above and to the
right,” instead of “above,” as in a ++ quarter-plane support filter. First, we test condi-
tion a: A(zy,00) = 1 —azfl =0 implies z; = a, and hence we need |a| < 1. Then, testing
condition b, we have: A(et®1,z5) = 1 —ae 71 — bef®1z; ' = 0, which implies that

bel®1
2= e
Since we need |z3| < 1, we get the requirement |a| + |b| < 1, just as before. [ |

CONCLUSIONS

This chapter has looked at how the Z-transform generalizes to two dimensions. We
have also looked at spatial difference equations and their stability in terms of the
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Z-transform. The main difference with the 1-D case is that 2-D polynomials do not
generally factor into first, or even lower order factors. As a consequence, we found
that poles and zeros of Z-transforms were not isolated and have turned out to be
surfaces in the multidimensional complex space. Filter stability tests are much more
complicated, although we have managed some simplifications that are computation-
ally effective given today’s computer power. Later, when we study filter design, we
will incorporate the structure and a stability constraint into the formulation. We also
introduced filters with the more general nonsymmetric half-plane (NSHP) support
and briefly investigated their stability behavior in terms of Z-transforms.

PROBLEMS

1. Find the 2-D Z-transform and region of convergence (ROC) of each of the
following:

@) uyy(n1,n2)
() pMm+m) | |p| <1
(©) b™MF22y(ny,ny)
(d) u_1(n,n2)

2. Show that
y(n,m) = ( ni+nany )ad"n"usy (ny,n)
satisfies the spatial difference equation
y(ni,n) = ay(ni — 1,n2) + by(ni,np — 1) + 8(n1,n2)

over the region ny > 0,1, > 0. Assume initial rest—i.e., all boundary conditions
on top- and left-hand sides are zero.

3. For the impulse response found in Example 3.1-2, use Stirling’s formula® for
the factorial to estimate whether this difference equation can be a stable filter
or not.

4. In Section 3.1, it is stated that the solution of a set of LCCDEs over a region can
be written as

y(n1,n2) = yzi(n1,n2) + yzs(ni,no),

where yz; is the solution to the boundary conditions with the input x set to zero,
and yzs is the solution to the input x subject to zero boundary conditions. Show
why this is true.

%A simple version of Stirling’s formula (Stirling, 1730) is as follows: n!~ «/27n n"e™".
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10.

11.

12.

. Find the Z-transform system function H(z1,z2) of the LCCDE

y(ni,n2) = x(n1,n2) +2x(n; — 1,ny)
+ 0.4y(ny — 1,n2) +0.5y(n1,n2 — 1),
with supp{h} = {n; > 0,ny > 0}. What is the resulting ROC?

Consider the 2-D impulse response

h(ny,n2) = 501 " u(ny, ) % o5 "u(ny,ny),
where u is the first quadrant unit step function and the p; are real numbers that
satisfy —1 < p; < +1 for i = 1, 2. (Note the convolution indicated by x.)
(a) Find the Z-transform H(z1,z2) along with its ROC.
(b) Can & be the impulse response of a stable filter?

. This problem concerns stability and recursive filters.

(a) For what values of the parameters a and b is the impulse response
h(ni,ny) = a™'b™! stable in the bounded-input bounded-output sense?

(b) For stable values of a and b, find a realization of the filter with this impulse
response in terms of four stable 1-D recursive filters running in various
directions on the discrete plane.

Find the inverse Z-transform of
1 1 971 922
—1 —1 + )
1—9z;7 1—.9z, 1—9z1 1 -9z

X(z1,22) =

with ROC, D {|z1] = |z2| = 1}. Is your resulting x absolutely summable?
Prove the Z-transform relationship in (3.4—1) for linear mapping of variables.

Find the inverse Z-transform of
1

1- (zfl —l—z;])

with ROC = {(z1,22) | Izll_1 + |z2|_1 < 1} via series expansion.

X(z1,22) =

s

Find the inverse Z-transform of

z21+22
=35 +5")

The multinomial theorem can be stated as

n Il
(1 +x2+ - +xm)" = E X
119123---slm
Il

1;>0 and Z:nzl li=n

X(z1,22) =

, with ROC, D {|z1] > 1,|z2| > 1}.



13.

14.

15.

16.

Problems

where n is a positive integer and the x;,i =1 to m are variables. Here the
multinomial coefficient is given as

n n!
ll’l29'-~3lm _ll’lz!"lm'

for non-negative integers /; that sum to n. Note that this multinomial coefficient
is simply related to the binomial coefficient when m = 2. In fact, denoting the

binomial coefficient as () > We have

(l, . z) B <7>B

Use the multinomial theorem to find a closed-form expression for the inverse
2-D Z-transform of

>

1

1— (azf1 +bz271 +szlzgl)

X(z1,22) =

with support of x(n1,n2) on the first quadrant—i.e., supp (x) ={n; >0,n2>0}.
Your answer should be a finite sum over multinomial coefficients and the vari-
ables a, b, and c raised to various integer powers, for each coordinate (n1,712) on
the first quadrant. (Hint: First make use of the series expansion

=14x+2+x 4
1—x

for appropriate choice of x.)

Show that an N x N support signal can always be written as the sum of N or
fewer separable factors by regarding the signal as a matrix and applying the
singular value decomposition [11].

Use Z-transform root maps to numerically test the following filter for stability
in the ++ causal sense:

1
H(zy,22) =

1. -1 1. -1-1_1-2°
—2% T 3% Y T 3%

Use MATLAB and the functions ROOTS and POLY.

Prove Theorem 3.5-3, the Z-transform stability condition for a spatial filter
H(z1,20) = 1/A(z1,z2) with third quadrant support impulse response a(n1,n2).

Consider the following 2-D difference equation:
y(ni,n2) +2y(ny — Lnz) +3y(ni,ny — 1) + 7y () — Ling — 1) = x(n1,n2).

In answering the following questions, use the standard image-processing coor-
dinate system: n; axis horizontal and n, axis downward.

(a) Find a stable direction of recursion for this equation.

(b) Sketch the impulse response support of the resulting system of part (a).

105
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17.

18.

(¢) Find the Z-transform system function along with its associated ROC for the
resulting system of part (a).

Consider the 3-D linear filter
B(21,22,23)

,where a (0,0,0) =1,
A(z1,22,23)

H(z1,22,23) =
where z1 and z; correspond to spatial dimensions and z3 corresponds to the time
dimension. Assume that the impulse response h(ny,nz,n3) has first octant sup-
port in the following parts (a) and (b). (Note: Ignore any contribution of the
numerator to system stability.)

(a) If this first octant filter is stable, show that the ROC of H(z1,z2,z3) must
include {|z1| = |z2| = |z3] = 1}. Then extend this ROC as appropriate for the
specified first octant support of the impulse response i(n1,n2,n3). Hence,
conclude that stability implies that A(z1,22,23) cannot equal zero in this
region; that is, this is a necessary condition for stability for first octant filters.
What is this stability region?

(b) Show that the condition that A(z1,z2,z3) # 0 on the stability region of part
(a) is a sufficient condition for stability of first octant filters.

(c) Let’s say that a 3-D filter is causal if its impulse response has support on
{n |n3 > 0}. Note that there is now no restriction on the spatial support, (i.e.,
in the n; and ny dimensions). What is the stability region of a causal 3-D
filter?

Consider computing the output of a NSHP filter on a quarter-plane region.
Specifically, the filter is

y(ny,n2) =0.2y(n; — 1,n2) +0.4y(ny,np — 1) +0.3y(ny + 1,n2 — 1) +x(n1,n2),

and the solution region is {n; > 0,ny > 0}, with a boundary condition of zero
along the two edges ny = —1 and np = —1. This then specifies a system T
mapping quarter-plane inputs x into quarter-plane outputs y (i.e., y = T[x]).

(a) Is T alinear operator?

(b) Is T a shift-invariant operator?

(¢) Is T a stable operator?
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CHAPTER

2-D Discrete-Space
Transforms

In this chapter we look at discrete-space transforms such as discrete Fourier series,
discrete Fourier transform (DFT), and discrete cosine transform (DCT) in two dimen-
sions. We also discuss fast and efficient realizations of the DFT and DCT. The
DFT is a heavily used tool in image and multidimensional signal processing. Block
transforms can be obtained from scanning the data into small blocks and then per-
forming the DFT or DCT on each block. The block DCT is used extensively in
image and video compression for transmission and storage. We also consider the
subband/wavelet transform (SWT), which can be considered as a generalization
of the block DCT transform wherein the basis functions are allowed to overlap
from block to block. These SWTs can also be considered as a generalization of the
Fourier transform wherein resolution in space can be traded off versus resolution in
frequency.

DISCRETE FOURIER SERIES

The discrete Fourier series (DFS) has been called “the Fourier transform for periodic
sequences,” in that it plays the same role for them that the Fourier transform plays
for nonperiodic (ordinary) sequences. The DFS also provides a theoretical step-
ping stone toward the DFT, which has great practical significance in signal and
image processing as a Fourier transform for finite support sequences. Actually, we
can take the Fourier transform of periodic sequences, but only with impulse func-
tions. The DFS can give an equivalent representation without the need for Dirac
impulses.

Since this section will mainly be concerned with periodic sequences, we establish
the following convenient notation.

Notation: We write X(n1,ny) to denote a sequence that is rectangularly periodic
with period N1 x N2 when only one period is considered. When two or more peri-
ods are involved in a problem, we will extend this notation and denote the periods
explicitly.

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00004-7 1 09
© 2012 Elsevier Inc. All rights reserved.
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|
Definition 4.1-1: Discrete Fourier Series

For a periodic sequence X(n1,n;), with rectangular period Ny x N, for positive integers Ny
and N,, we define its DFS transform as

Nl 1Ny—1

k k
X(ky,ky) = Z Z x(nl,nz)exp—ﬂﬂ(n]i]ll + %)
n1=0 np=0
for all integers k; and k» in the lattice Z2 (i.e., —oco < ki, ks < +00).! [ |

Since k; and k; are integers, we can easily see that the DFS is itself periodic with
period N1 x N»; thus the DFS transforms or maps periodic sequences into periodic
sequences. It may be interesting to note that the Fourier transform for discrete space
does not share the analogous property, since it maps discrete-space functions into
continuous-space functions over [—, +71%. Even though the Fourier transform over
continuous space did map this space into itself, its discrete-space counterpart did not.
In part because of this self-mapping feature of the DFS, the inverse DFS formula is
very similar to it.

[
Theorem 4.1-1: Inverse DFS
Given X(k1,k»), the DFS of periodic sequence X(nj,m2), the inverse DFS (or IDFS) is

given as
1 gt mki  nok
1K1 2k
x(n1 n) = W E Okg 0X(k1 kz)exp+]2n<N—+N72)
2

for all —oo < ny,ny < +o0.

Proof We start by inserting the DFS into this claimed inversion formula:

Ni=1Ny—1 [ Nj=1N2—1
Z Z Z Z X(I’ll,nz) exp —]27-[ k T e n2k2
N1N2 Nl N,

k1=0 k2=0 | n\=0 n,=0
mkr  nky
X exp +j2m —_—
P (M N )
Ni—1N>—1 Ni—1N>—1
= X X0 i 3 3 ez [ Mg
nl—OnZ:O =0 ky=l
Ni—1N—1 ~+o00 +00
=3 Y Fha | Y S —nlFKiND D 80—+ kaNo)
ny =0 ny=0 kj=—00 ky=—00

=X((n)y, »(2),),

INote that —oo < kj,k» < +0o is shorthand for —oo < k; < 400 and —o0 < kp < 400.
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i.e., a periodic extension of X off its base period [0,N; — 1] x [0,N; — 1].
=X(n1,ny),

since X is periodic with rectangular period Ny x N», thus completing the proof. [ |

In fact, one could just take the DFS of a DFS. The reader may care to show that
the result would be a scaled and reflected-through-the-origin version of the original
periodic function X. The following example calculates and plots the DFS of a simple
periodic discrete-space pulse function.

|
Example 4.1-1: Calculation of a DFS
Let X(n1,n2) = Lusea(n1,m2) for 0 <ny,ny <7, where Is is the indicator function® of the
coordinate set S. Here, Ni and N, = 8. Looking at the resulting periodic function, we see
a periodic pulse function on the plane with 25% ones and 75% zeros, which could serve
as an optical image test pattern of sorts. Then

> : : niky yx 2k A 2z

X(kikp) =Y > Wg™wg?e, with Wy & exp—j~

n1=0n=0

3 3
Z ngkl Z Wg2k2
n1=0 ny=0
1— ngl 1— ngz

k k
1—Wg' 1wy

3 3 i
3k 3k

2My2
3 8

in Figure 4.1-1. [ |

Properties of the DFS Transform

The properties of the DFS are similar to those of the Fourier transform but distinct
in several important aspects, arising both from the periodic nature of X as well as

2The indicator function Is gives a 1 for a coordinate (111,1;) contained in the set S and a 0 elsewhere,
thereby indicating the set S.
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FIGURE 4.1-1
Plot of amplitude part of the DFS in Example 4.1-1.

from the fact that the frequency arguments k; and k; are integers. We consider two
sequences X and y with the same rectangular period N| x N3, having DFS transforms
Xand?, respectively. We offer some proofs below.

1. Linearity:
ax+ by & aX +bY,
when both sequences have the same period N1 x N>.
2. Periodic convolution:

We define periodic convolution with the operator symbol ®, for two periodic
sequences with the same period as:

Ni—1N—1

(X@F)(m,m) £ Y Y %, )F(m — Lna—b).

=0 =0
We then have the following transform pair:
(X@F) (11,m2) & X(k1,k2)Y (k1 ko).
The proof is given below.
3. Multiplication:
~ ~ 1 ~ ~
x(n1,n2)y(ni,ny) < ——X(ki,k2) ® Y (ki,k2).
NNy

4. Separability:
x1(n)x2(n2) < X1 (k)X (kp),

the product of a 1-D Np-point and a 1-D N;-point DFS, respectively.
5. Shifting (delay):

~ k k
X(ny —mi,my —my) € X(ki,k2) exp—j2m e l+w ,
Ny Ny

where the shift vector (m,my) is integer valued. The proof is given below.
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6. Parseval’s theorem:

Ni—1Ny—1 Ni—1N—1
30N H )i (mm) = Z ZX(kl,kzw (k1.k2),
n1=0 n,=0 =0 kr=

with a special case for x =y, the “energy balance formula,” since the left-hand
side can be viewed as the “energy” in one period,

Ni—1N—1 Ni—1N,—1
DY R = Z Z X (k1. k)|
n1=0 np=0 =0 ky=

The proof is assigned as an end-of-chapter problem.
1. Symmetry properties:
(a) Conjugation: B
X (n1,m2) & X*(—ki, —k2).
(b) Arguments reversed (reflection through origin):
X(=n1,—m) & X(—ki,—k2).

(c) Real-valued sequences (special case): By the conjugation property (a), app-
lying it to a real-valued sequence X, we have the conjugate symmetry

property, _ _
X(ki,k2) = X* (—k1,—k2).
From this equation, the following four important symmetry properties of real
periodic bi-sequences follow easily:
i. ReX(ki,kp) is even through the origin:

ReX(ki,ky) = ReX(—kj,—kp).
ii. ImX(k1,k) is odd through the origin:
ImX (ki,k2) = —ImX(—ky, —k2).
iii. |X(ki,k2)| is even through the origin:
X (ki k2)| = X (—k1,—k)].
iv. argf((kl,kz) is odd through the origin:
arg X (ky, k) = —argX(—ky, —k»).

These last properties are used for reducing required data storage for the DFS by an
approximate factor of 1/2 in the real-valued image case.

Periodic Convolution

In 2-D, periodic convolution is very similar to the 1-D case for periodic sequences
X(n) of one variable. Rectangular periodicity, as considered here, allows an easy gene-
ralization. As in the 1-D case, we note that regular convolution is not possible with
periodic sequences, since they have infinite energy.
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We offer next a proof of the periodic convolution property.
Proof of property 2: Let

Y(ni,m) £ (X1 ® %) (n1,n2)

Ni—1Np—1
= Z Z X1 (11, )% (ny — ly,ny — ).
=0 b=
Then
N Ni—1N>—1 ikt ks
Y(kikp) = > Y F(ni.nmy)exp—j2n ( Nt N_>
n1=0 n;=0 1 2
= Z Z?El (L, L)X (ny — L,y — lz)W]'f,llk‘ W]’\',ikz,
ny.ng Iyl

with Wy £ exp—j3F 2~ Thus

Vikicka) = D D B Wi Wt [Rau — tma — iy Wit~V w2k |

ny,na Iyl

~ I ky 2k ~ -k —h)k;
=Y Rl L)Wy W [Zm(m —lymy =)Wy T wg }

1.l ny,mn

= F (U)W W [Xa (k1. k) .
Il

by periodicity,
= X1 (k1. k)X (k1. k2),

as was to be shown.

Shifting or Delay Property
According to DFS property 5 in this section, Properties of the DFS Transform,
X(n1 —my,n» —my) has DFS X (k1,k»)exp —]271("”]‘1 + ’"zkz) which can be seen
directly as follows. First, by definition,

Ni—1N;—1

niky  noks
X (ki ky) = Z Zx(nl,nz)exp—]zn( v +N_>’
n1=0 ny=0 1 2
so the DFS of X(nj —mi,ny —my) is given by
Ni—1Ny—1
nik nak
Z Zx(nl ml,nz—mz)exp—]2n< Iifl +%)
np= 0n2—0 1 2
Ni—1—m; Ny—1—my ,
+m1 ki n, +mo)ky
=2 X x(”pnz)exp—ﬂﬂ[( N, ) +(2 Nz) }

"1:—’"1 nzf my



4.2 Discrete Fourier Transform

Ni—1—m; Ny—1— mz /
nik nhk: mik mok
[ () Jen (5

"1:—’"1 )12——m2
NiZ N2l k nlzkz ; m1k1 m2k2
Z Zx(nl,nz)exp—]Zn N + = N exp —j2m N—+N—
n]—Onz—O 2 ! 2
— Xk, k2) o (ML | m2ke
= ko) exp —j2m — ),
1,K2) €Xp —J N1 N>

where we have substituted n’l £ 5 —m; and n/2 £ 511 — my in the first step, and where
the second to last line follows from the rectangular periodicity of X.

Comments

1. If two rectangularly periodic sequences have different periods, we can use the
DFS properties if we first find their common period, given as N; = LCM(N} ,Nl-y ),
where sequence X is periodic N x N3 and similarly fory. (Here, LCM stands for
least common multiple.)

2. The DFS separability property 4 in Section 4.1 comes about because the DFS
operator is a separable operator and the operand X(n1,n;) is assumed there to be
a separable function. A problem at the end of the chapter explores whether this is
an exception to the rule that “multiplication in the space domain corresponds to
convolution in the frequency domain,” or not.

DISCRETE FOURIER TRANSFORM

The discrete Fourier transform (DFT) is “the Fourier transform for finite length
sequences” because, unlike the Fourier transform, the DFT has a discrete argument
and can be stored in a finite number of infinite word-length locations. Yet, still it
turns out that the DFT can be used to exactly implement convolution for finite size
arrays. Following [1, 2], our approach to the DFT will be through the DFS, which
is made possible by the isomorphism between rectangular periodic and finite length
rectangular support sequences.

[
Definition 4.2-1: Discrete Fourier Transform

For a finite support sequence x(ny,n) with support [0,N; — 1] x [0,N, — 1], we define its
DFT X(k1,kp) for integers k; and k; as follows:

Ni—1Ny—1
o | D0 Y xnmy W Wk k) € (0.8 — 11 x [0.N; — 1]
X (ki k) & 0 =0
0, else.

4.2-1)
[ |

L
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We note that the DFT maps finite support rectangular sequences into themselves.
Images of the DFT basis functions of size 8 x 8 are shown next, with real parts in
Figure 4.2-1 and imaginary parts in Figure 4.2-2 The real parts of the basis func-
tions represent the components of x that are symmetric with respect to the 8 x 8
square, while the imaginary parts of these basis functions represent the nonsymmetric
parts. In these figures, the color white is maximum positive (+1), midgray is 0, and
black is minimum negative (—1). Each basis function occupies a small square, and
the squares are then arranged into an 8 x 8 mosaic. Note that the highest frequen-
cies are in the middle at (k1,k2) = (4,4) and correspond to the Fourier transform

BN
DA
R
=
==

s
= e
==

FIGURE 4.2-1
Image of the real part of 8 x 8 DFT basis functions.

FIGURE 4.2-2
Image of the imaginary part of 8 x 8 DFT basis functions.
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at (w1,w2) = (r,m). So the DFT is seen as a projection of the finite support input
sequence x(n,n2) onto these basis functions. The DFT coefficients then are the rep-
resentation coefficients for this basis. The inverse DFT (IDFT) exists and is given by

Ni—1N,—1

1 —n1k —nak;
— X(k1, k) Wy "W 22 (ny,np) € [0,N] — 1] x [0,Ny — 1],
x(ny,n2) =y NiVa k12=:0 kzzzo Mo T

0 else.

(4.2-2)
This can be seen as a representation of x in terms of the basis functions
NllNz nglnlk] W&znzkz and the expansion coefficients X (k1, k).

The correctness of this 2-D IDFT formula can be seen in a number of different
ways. Perhaps the easiest at this point is to realize that the 2-D DFT is a separable
transform; as such, we can realize it as the concatenation of two 1-D DFTs. Since we
can see that the 2-D IDFT is just the inverse of each of these 1-D DFTs in a given
order, say first by row and then by column, we have the desired result based on the
known validity of the 1-D DFT/IDFT transform pair, applied twice.

A second method is to rely on the DFS, which we have established in the previous
section. Indeed, the main value of the DFS is its use as an aid in understanding DFT
properties. The key concept is that rectangular periodic and rectangular finite sup-
port sequences are isomorphic to one another; that is, given X, we can define a finite
support x as x = ¥Iy, xn,, and given a finite support x, we can find the corresponding
X as ¥ =x[(n1)n,, (m2)n,], where we use the notation (n)y meaning “amodN.” Still
a third method is to simply insert (4.2—1) into (4.2-2) and perform the 2-D proof
directly.

|
Example 4.2-1: Ones on Diagonal of Square

Consider a spatial sequence of finite extent x(ny,n2) = 8(n; — n2) Iyxn, as illustrated in
the left-hand side of Figure 4.2-3. Proceeding to take the DFT, we obtain for (ky,kp) €
[0,N — 1] x [0,N — 1] the following:

N—1 N—1
k k
X(k1,kp) = Z Z 8(ni —np) Wy T W™
n1=0n=0
N—1
— Z W]’\lll(k]+k2)
n1=0

=Né(ky + k) for (ki,k2) € [O,N —1] x [0O,N —1]

and, of course, X(ki,k») =0 elsewhere, as illustrated on the right-hand side of
Figure 4.2-3. Note that this is analogous to the case of the continuous-parameter Fourier
transform of an impulse line (see Chapter 1). This ideal result only occurs when the line is
exactly at 0, 45, or 90, or 135 degrees and the DFT size is square. For other angles, we get
a sinNk/N sink type of approximation that tends toward the impulse line solution more and
more as N grows larger without bound. Of course, as was true for the continuous-space
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x(nq, ny) X(ky, k2)

FIGURE 4.2-3
DFT of ones on diagonal of square.

(parameter) Fourier transform, the line of impulses in frequency is perpendicular, or at 90
degrees, to the impulse line in space. ||

DFT Properties

The properties of the DFT are similar to those of the DFS. The key difference is that
the support of the sequence x and of the DFT X is finite. We consider two sequences
x and y with the same rectangular N1 x N> support, having DFT transforms X and Y,
respectively. We then offer proofs of some of these properties below.

1. Linearity:
ax+by & aX +bY,

when both sequences have the same support [0,N7 — 1] x [0,N> — 1].
2. Periodic convolution:
We define periodic convolution for two finite support sequences with the same

period as
Ni—1Ny—1
@@y (i,na) & Y xl, L)yl — W)y, > (2 = b)) Iy <, (1,12),
=0 1,=0

(4.2-3)
using the operator symbol ®. We then have the following transform pair:
(x®y) (n1,n2) < X(ki,k2)Y (ki,k2).

The proof is given in the following section.
3. Multiplication:

1
x(ny,n2)y(ny,n2) & mx(kl,k2) ® Y(ky,k2).

4. Separability:
x1(nx2(n2) < Xi (k)X (ka),
the product of a 1-D Ny-point and a 1-D N>-point DFT, respectively.
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5. Shifting (delay):

x[(ny —mi)y, , (n2 —m2) N, 1INy <N, (n11,712)

miky  mpky
& X(ky, k) exp—j2m — ],
(k1,k2) exp—j <N1 +N2>
where the shift vector (mp,m;) is integer valued. The proof is given in the
following section.
. Parseval’s theorem:

Ni—1Ny—1 Ni—1N—1
33 xnm)y (nr.m) = Z ZX(kl,sz*(kl,kz)
n1=0 np=0 =0 k=

with special case for x =y, the “energy balance formula,” since the left-hand side
then becomes the energy of the signal

Ni—1Np—1 Ni—1Ny—1
Ec= Y > Ixn.m))* = Z Z X (ki ko) 2.
n1=0 n2=0 0k2

The proof is assigned as end-of-chapter problem 8.
. Symmetry properties:
(@) Conjugation:

x*(n1,m) & X*[(=k)n, (=k2)n, 1 vy <, (ki k2).
(b) Arguments reversed (modulo reflection through origin):
x[(_nl)Nl ) (_n2)N2]1N1 XN» (nl,”lZ) < X[(_kl)Nl s (_kZ)NZ] IN] X No (kl’kz)

(c) Real-valued sequences (a special case): By applying the preceding conju-
gation property to a real-valued sequence X, we have the conjugate symmetry
property

Xk k2) = X*[(=kD)n, » (=k2)ny ] Iy <, (K Ke2). (4.2-4)

From this equation, the following four properties follow easily:
i. ReX(k,kp) is even:

ReX(ki,k2) =ReX[(—ki)n, . (=k2)n, ] Iny xiv, (K1, K2).
ii. ImX(ky,kp) is odd:
ImX(ki,k2) = —ImX[(—k1)n, , (—k2)n, 1 Iny v, (K1, K2).
iii. |X(k1,ko)| is even:

X (k1,k2)| = |X[(=kDn, » (=k2)n, ] Iy v, (k1 K2).
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iv. argX(k;,k2) may be taken as’ odd:
arg X (ky,ky) = —arg X (ky, k).

These last properties are used for reducing required data storage for the DFT by an
approximate factor of 1/2 in the real-valued image case.

Proof of DFT Circular Convolution Property 2

Key property 2 says that multiplication of 2-D DFTs corresponds to the defined
circular convolution in the spatial domain, in a manner very similar to that in one
dimension. In fact, we can see from (4.2-3) that this operation is separable into the 1-
D circular convolution along the rows, followed by the 1-D circular convolution over
the columns. The correctness of this property can then be proved by using the 1-D
proof twice; once for the rows and once for the columns. Another way to see the result
is to consider the corresponding periodic sequences X and y. Then (4.2-3) can be seen
as the first period from their periodic convolution since X (n1,n2) = x[(n1)n,, (12)n,]
and y = y[(n1)n,, (n2)n,]. The first period of their DFS product must be the corre-
sponding DFT result; thus, by property 2 of DFS, we have the result here, since by
the correspondence X ~ x, it must be that X~X.

Proof of DFT Circular Shift Property 5
Since X (n1,n2) = x[(n1)n,, (n2)n,1, it follows that the periodic shift of X agrees with
the circular shift of x,

X(ny —my,ny —my) = x[(ny —my)y, , (2 —ma)y, 1,

for (ny,ny) € [0,N1 — 1] x [0,N> — 1], so the DFS of the left-hand side must equal
the DFT of the right-hand side, over the fundamental period in frequency; that is,
(k1,k2) € [0,N; — 1] x [0,N; — 1]. We thus have the DFT

miky  mpka

X(ky, k —jp2r( — + —= )1 ki,k
(k1,k2)exp—j ﬂ( N + N, )leNz(l 2)
) miky  moky
= X(k1,k -2 —+ —=).
(k1,k2)exp J7T<Nl +N2>

An end-of-chapter problem asks you to use this circular shift property to prove
the 2-D DFT circular convolution property directly in the 2-D DFT domain.

|
Example 4.2-2: 2-D Circular Convolution

Let N = N, =4. The diagram in Figure 4.2—4 shows an example of the 2-D circular con-
volution of two small arrays x and y. In this figure, the two top plots show the arrays
x(n1,ny) and y(n,ny), where the open circles indicate zero values of these 4 x 4 support
signals. The nonzero values are denoted by filled-in circles in the 3 x 3 triangle support x,
and various filled-in shapes on the square 2 x 2 support y. To perform their convolution,

3We cannot use “is” here because you have to select the right multiple of 27 to add to the phase curve
to make it “odd,” since phase is a multiple-valued function.
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14 I
(s (—h)s) Y((1=11)s, (1=h)4)

FIGURE 4.2-4

Example of 2-D circular convolution of small triangle support x and small square support y,
both considered as Ny x N, =4 x 4 support.

over dummy variables (I1,1), the middle plots of the figure show the inputs as functions
of these dummy variables. The bottom line then shows plots of y circularly shifted to cor-
respond to the output points (n1,n2) = (0,0) on the left and (ny,n) = (1,1) on the right.
Continuing in this way, we can see that for all (n;,n2) we get the linear convolution result.
This has happened because the circular wrap-around points in y only occur at zero values
for x. We see that this was due to the larger value we took for Ny and N», i.e., larger than
the necessary value to hold the output. ||

We see in this example that the circular or wrap-around does not affect all output
points. In fact, by enclosing the small triangular support signal and the small pulse in
a larger 4 x 4 square, we have avoided the wrap-around for all (n; > 1, np > 1). We
can generalize this result as follows. Let the supports of signals x and y be given as

supp{x} = [0,M; — 1] x [0,M — 1] and supp{y} =1[0,L; — 1] x[0,Ly —1].

Then if the DFT size is taken as Ny = M1 4+ L1 — 1 or larger, and N =My + L — 1
or larger, we get the linear convolution result. Thus, to avoid the circular or spatial-
aliasing result, we simply have to pad the two signals with zeros out to a DFT size
that is large enough to contain the linear convolution result—the result of ordinary
noncircular convolution.
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L) ky
+7T T Np—1—+

-+ ++

= F> 01 Ny2

FIGURE 4.2-5
Mapping of FT samples to DFT locations.

Relation of DFT to Fourier Transform

For a finite support sequence x, we can compute both the Fourier transform X(w1,w2)
as well as the DFT X (k1, k). We now answer the question of the relation of these two.
Comparing (1.2-1) of Chapter 1 to (4.2—1), we have

X(ki,ky) = X(wi, wr,),  where oy, £ 2mki/N;, i = 1,2, (4.2-5)

for (k1,kz) € [0,N] — 1] x [0, N2 — 1]. This means that the central or primary period
of the Fourier transform X(w1,w>) is not what is sampled, but rather an area of equal
size in its first quadrant. Of course, by periodicity this is equivalent to sampling in
the primary period. Based on such considerations, we can construct the diagram of
Figure 4.2-5 indicating where the DFT samples come from in the Fourier transform
plane. In particular, all the FT samples along the w; axes map into k; = 0 in the DFT,
and the possible samples (which only occur for N; even) at w; = 7 map into k; =
N;/2. Also note the indicated mapping of the four quadrants of [—m,+m]% in the
w1 X wy plane onto [0, N7 — 1] x [0,N — 1] in the first quadrant of the k1 x ky plane.

|
Example 4.2-3: DFT Symmetry in Real-valued Signal Case
When the image (signal) is real valued, we have the following DFT symmetry property:
X(k1,kp) =X”‘[(—k,)Nl s (=k2) Ny 1 Iy xiv, (k15 k). When the DFT is stored, we only need to
consider the locations [0,N; — 1] x [0, N, — 1]. For these locations, we can then write
X(k1,0) = X*(N| —k;,0) forkr =0,
X(0,ky) = X*(0,N, — kp) forky =0,

X(k1,ko) = X*(N1 — ki,N> — k>) otherwise.

This then gives us the conjugate symmetry through the point (k1,k2) = (N1/2,N2/2), as
shown in Figure 4.2-6. The big square with round corners shows an essential part of
the DFT coefficients and comprises locations {0 < k; < N;/2,0 <k; < N/2}. The other



4.2 Discrete Fourier Transform 123

ko
Ny—1
=
Noy/2
c——>b >k,
0 Ny/2 Ny—1

FIGURE 4.2-6
An illustration of the conjugate symmetry in DFT storage, for the real-valued image case.

essential part is one of the two smaller squares with rounded corners that share a
side with this large square. For example, the upper square, which comprises points
{1 <k; <N1/2,N2/2 < ky <N, —1}. The other smaller square is not needed by the pre-
ceding symmetry condition. Neither are the two narrow regions along the axes. Such
symmetry can be used to reduce storage by approximately one-half. We only need to
store the coefficients for the resulting nonsymmetric half-space region. [ |

Effect of Sampling in Frequency

Let x(n1,n7) be a general signal with Fourier transform X (w{,®); then we can sam-
ple it as in (4.2-5). If we take the IDFT of the function X (k1,k2)In, xn, (k1,k2), we
then obtain
Ni—1N2—1
y(nin) = —— Z Z X(ky ko) Wy w2k (4.2-6)
=0 kp=

—1N—1
miky mgkz —nlkl —n2k2
N1N2 Z Z Z x(ml’mz)WNl Wi Wy Wy

=0 kr= all my,my

= > x(mi,m)

all mi,my =0 k2

—1N,—1

4.2-7)

Z x(my,mp) Z 8(my —ny + 1INy, my —np + [hN>)

all my,myp _all l] ,lz

= Z x(ny — 1Ny, n2 — hN,), (4.2-8)
all 11,1
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which displays the spatial domain aliasing caused by sampling in frequency. If the
original signal x had a finite support [0,M] — 1] x [0,M> — 1] and we took samples
of its Fourier transform, satisfying N; > M| and N> > M>, then we would have no
overlap in (4.2-8), or equivalently

x(ny,n2) = y(ny,n2)In, xn, (n1,12),

and will avoid the aliased terms from coming into this spatial support region. One
interpretation of (4.2—6) is as a numerical approximation to the IFT, whose exact
form is not computationally feasible. We thus see that the substitution of an IDFT
for the IFT can result in spatial domain aliasing, which however can be controlled by
taking the uniformly spaced samples at high enough density to avoid significant (or
any) spatial overlap (alias).

Interpolating the DFT

Since the DFT consists of samples of the FT, as in (4.2-5), for an N1 x N support
signal, we can take the inverse, or IDFT, of these samples to express the original
signal x in terms of NN, samples of its Fourier transform X(w1,w;). Then, taking
one more FT, we can write X(w1,w3) in terms of its samples:

X(w1,02) = FT{IDFT{X (&4, , 01,) }},

thus constituting a 2-D sampling theorem for (rectangular) samples in frequency.
Actually, performing the calculation, we proceed

N—1 N-1 Ni—1Ny—1

1

X@ron=) 3" |5 > ) Xark N1 2k [N Wy W 2
n1=0m=0 | 2 k=0 k=0
x exp —j(wini + wan)
Ni—1Ny—1
=D D> XQ@uki/Ni.2rtky/No)
k1=0 k=0
| NINe
X NN Z Z W;lnlkl ngznzkz exp —j(winy + worny)
1 2111:On2:()
Ni—1N>—1 1 sin%(a)l —2176—1“)
=D D XQuki /N1, 27ka [N2) - — =
k1=0 kr=0 I sin 5 (wl — N—I‘)
N 27k
psin (o= FR) N k)
x Ny Sinl( 2nk2) xpy 2 @1 N
3\t
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Upon definition of the 1-D interpolation functions

N,

A 1 sinFo Ni—1 .
Pi(w) = —— —exp—j w, fori=1,2,
Ni sin 3w 2
we can write
Ni—1Np—1
2k 2mky
X(w1,w2) = kzo kZOX(ZJTkl/Nl,ZJTkz/Nz)@l ((Ul - N_1> D, <w2 — N_2> .
1= 2=

This is completely analogous to the 1-D case [2]. As there, we must note that the
key is that we have taken a number of samples N1 x N3 that is consistent with the
spatial support of the signal x. Of course, larger values of the N; are permissible,
but smaller values would allow spatial aliasing—in which case, this 2-D frequency-
domain sampling theorem would not be valid.

2-D DISCRETE COSINE TRANSFORM

One disadvantage of the DFT for some applications is that the transform X is com-
plex valued, even for real data. A related transform, the discrete cosine transform
(DCT), does not have this problem. The DCT is a separate transform and not the
real part of a Fourier transform. It is widely used in image and video compression
applications (e.g., JPEG and MPEQG). It is also possible to use DCT for filtering
using a slightly different form of convolution called symmetric convolution (see
end-of-chapter problem 16).

|
Definition 4.3-1: 2-D DCT

Assume that the data array has finite rectangular support on [0,N] — 1] x [0,N, — 1]; then
the 2-D DCT is given as

Ni—1N,—1

k k
Xetkik) 2 Y Y 4x(n1,n2)cos%(2n1 +1)cos %(2@4— 1, 4.3-1)
n;=0 np=0
for (k1,k2) € [0,N; — 1] x [0,N3 — 1]. Otherwise, Xc (ki ,k2) = 0. [ |

The DCT basis functions for size 8 x 8 are shown in Figure 4.3—1. The mapping
between the mathematical values and the colors (gray levels) is the same as in the
DFT figures earlier. Each basis function occupies a small square, and the squares
are then arranged into an 8 x 8 mosaic. Note that unlike the DFT where the highest
frequencies occur near (N1 /2,N>/2), the highest frequencies of the DCT occur at the
highest indices (k1,kz) = (7,7).
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FIGURE 4.3-1

Image of the basis functions of the 8 x 8 DCT with (0,0) in the upper left-hand corner and
the k, axis pointing downward.

The inverse DCT exists and is given for (n1,n2) € [0,N] — 1] x [0,N, — 1] as

Ni—1N>—1 7Tk1 kaz
x(ny,ny) = W;) I;)W(kl)w(kz)xc(kl,kz) cos 2_1\71(2"‘ + 1) cos 2—Nz(2n2 +1),
1= 2=

where the weighting function w(k) is given just as in the case of 1-D DCT by

L 172, k=0,
W("):{l/ k;«ég.

By observation of (4.3—1), we see that the 2-D DCT is a separable operator. As such
it can be applied to the rows and then the columns, or vice versa. Thus the 2-D the-
ory can be developed by repeated application of the 1-D theory. Next, we relate the
1-D DCT to the 1-D DFT of a symmetrically extended sequence. This not only pro-
vides an understanding of the DCT but also enables its fast calculation via methods
intended for the DFT. Later we present a fast DCT calculation that can avoid the
use of complex arithmetic in the usual case where x is a real-valued signal (e.g., an
image).

The next two subsections can be skipped by the reader familiar with the 1-D DCT
theory.

Review of 1-D DCT
In the 1-D case, the DCT is defined as
Ni—1

k
Y 2x(mycos = (2n+1), ke[0O.N—1],
~ N

Xc(k) & (4.3-2)

0, else,
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for every N-point signal x having support [0,N — 1]. The corresponding inverse
transform, or IDCT, can be written as

Ni—1
wk
s =1 ; wk)Xcycos o n+1), nel0,N=1], 43-3)
0, else.

It turns out that this 1-D DCT can be understood in terms of the DFT of a
symmetrically extended sequence®

y(n) 2 x(n)+xQ2N—=1—n), 4.3-4)

with support [0,2N — 1]. In fact, on defining the 2N point DFT Y (k) £ DFToy{y(n)},
we will show that the DCT is alternatively expressed as

WAZY(k), ke[0,N—1],

Xck) = { 0. e (4.3-5)

Thus the DCT is just the DFT analysis of the symmetrically extended signal (4.3—4).
Looking at this equation, we see that there is no overlap in its two components, which
fit together without a gap. We can see that right after x(NV — 1) comes x(N — 1) at
position n = N, which is then followed by the rest of the nonzero part of x in reverse
order, out to n = 2N — 1, where sits x(0). We can see a point of symmetry midway
betweenn=N—1and N (i.e.,at n =N — %). If we consider its periodic extension
Y(n), we will also see a symmetry about the point n = —%. We thus expect that the

2N-point DFT Y (k) will be real valued except for the phase factor WZ_AI,(/ 2. So the
phase factor in (4.3-5) is just what is needed to cancel out the phase term in Y and
make the DCT real, as it must if the two equations (4.3—1) and (4.3-5) are to agree
for real-valued inputs x.

To reconcile these two definitions, we start with (4.3-5) and proceed as follows:

N—1 2N—1
Y(k) =Y x(mWsk+ > x(aN —1—mWi
n=0 n=N

N-1 N-1
= Zx(n)Wf,’f, + Zx(n’)W;A;” Ok withn 22N —1—n
n=0 n'=0
N-1 N—1
—k/2 S)k —k/2 —(n+5)k

=Wan 2 xyWiT P + woy? S xmwy Y

n=0 n=0

N—1 Tk
= WZ*A/;/2 X;)Zx(n) cos ﬁ(2n+ 1), for ke[0,2N —1],

n=»

“4This is not the only way to symmetrically extend x, but this method results in the most widely used,
sometimes called DCT-2 [2].
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the last line following from WZ_I\S”J“S)]‘ = exp(j2m (n+ .5)k/2N) and Euler’s relation,
which agrees with the original definition (4.3-2).

The formula for the inverse DCT (4.3-3) can be established similarly, starting
from

1 2N—1

k=0

|
Example 4.3-1: 1-D DCT
In this example, we use MATLAB to take the DCT of the finite support function x given on
its support region [0,N — 1] as

x(n) =20(1 —n/N).

We choose N = 16 and call the MATLAB function dct using the .m file DCTeg2.m that is
found at this book’s Web site:

clear
N=16;
for il=1:N,
n=il-1;
signal(il)=20%«(1-n/N);
end
stem(signal)
figure
x=fft(signal);
xm=abs(x);
stem(xm)
figure
xc=dct(signal);
stem(xc),
20 T T T T T T T
181 .
16 .
14+ 1
12 .
10+ .
8, .
6, .
4+ 4
]l ]
0
0 2 4 6 8 10 12 14 16
FIGURE 4.3-2

MATLAB plot of x(n) over its support.
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180 T T T T T T T
160
140 | b
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100 |- h
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60 ]
40

0 2 4 6 8 10 12 14 16

FIGURE 4.3-3
MATLAB plot of DFT magnitude |X(k)|.

45 T T T T T T T

40 b
35 b
30 h
25 h
20 h
15+ h
10 h

O T‘?mm
0 2 4 6 8 10 12 14 16

FIGURE 4.3-4
MATLAB plot of DCT X (k).

where we also calculate the FFT magnitude for comparison purposes. The resulting plots
are shown in Figures 4.3-2 through 4.3-4. We see that for this highly asymmetric signal
the DCT is a much more efficient representation than is the DFT. [ |

Some 1-D DCT Properties
1. Linearity:

ax+by & aXc +bYc.

2. Energy conservation:

N-1 1 N—1
2 2
;IMI =7V1;w<k> X (43-6)
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3. Symmetry:
(a) General case:

x*(n) & X (k).
(b) Real-valued case:

real x(n) = real X¢ (k).

4. Eigenvectors of unitary DCT:
Define the column vector x £ [x(0),x(1), ..., x(N — 1)]” and define the matrix C
with elements

1 ’
N> k = 17
Cow2{VY

Zeos K (K —1)2n' = 1), 1<k <N.

Then the vector y = Cx is the unitary DCT, whose elements are given as

£ ﬁx (0)\/2)( 1 \/ZX (N—-1) '
y= N C s N C( )""’ N C - .

A unitary matrix is one whose inverse is the same as the transpose C~! = C”. For
the unitary DCT, we have

x=CT s
and for the energy balance equation,
xIx = yCCTy
="y,

a slight modification on the DCT Parseval equation of (4.3-6). So the unitary DCT
preserves the energy of the signal x.

It turns out that the eigenvectors of the unitary DCT are the same as those of the
symmetric tridiagonal matrix [3],

M—a —a 0 - ... 0
—a 1 —a O 0
0 —a 1 —«a
0= ,
0 -« 0
1 —a
. 0 0 —o l—-o]

and this holds true for arbitrary values of the parameter «.
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We can relate this matrix @ to the inverse covariance matrix of a 1-D first-order
stationary Markov random sequence [4], with correlation coefficient p, necessarily
satisfying |p| < 1,

_1—pa —a 0 e e O T
—a 1 —a O 0
, 1 0 - 1 -«
R'=— ,
B 0 —«o 0
. .. .. .. 1 —a
| 0 e e 0 —a 1—pa

where o £ p/(p + 1) and B2 £ (1 — p?)/1 + p2. The actual covariance matrix of the
Markov random sequence is

| o o2 p3 - pN1T
p 1 p p?
2 . 3
R—| ” e 1 p P
> pr op p*
. . ,
LNt P> et p 1

with corresponding first-order difference equation
x(n) = px(n—1) +w(n).

It can further be shown that when p =~ 1, the matrix Q ~ ,BZR’I, so that their eigen-
vectors approximate each other too. Because the eigenvectors of a matrix and its
inverse are the same, we know that the unitary DCT basis vectors approximate
the Karhunen—Loeve expansion [4], with basis vectors given as the solution to the
matrix-vector equation

RO =AD,
and corresponding Karhunen-Loeve transform (KLT) given by

y= oy,

Thus, the 1-D DCT of a first-order Markov random vector of dimension N should
be close to the KLT of x when its correlation coefficient p >~ 1. This ends the review
of the 1-D DCT.

Symmetric Extension in 2-D DCT
Since the 2-D DCT
NizlNel wk wk
Xethik = Y 4x(n1,n2)cosﬁ(2n1+1)cosﬁ(2n2+l)

n1=0 np=0

131
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ny

2Ny—1+

Np—1F-———mmmmm——

2 —ny

T
(0.0) Ny-1 2N;—1

FIGURE 4.3-5

An illustration of the 2-D symmetric extension used in the DCT.

is just the separable operator resulting from application of the 1-D DCT along first
one dimension and then the other, the order being immaterial, we can easily extend
the 1-D DCT properties to the 2-D case. In terms of the connection of the 2-D DCT
with the 2-D DFT, we thus see that we must symmetrically extend in, say, the hori-
zontal direction and then symmetrically extend that result in the vertical direction.
The resulting symmetric function (extension) becomes

y(n1,m2) £ x(n1,n2) +x(n1,2N2 — 1 — ) +x(2Ny — 1 —ny,n,)
+x2N1 —1—n1,2Ny — 1 — np),

which is sketched in Figure 4.3-5, where we note that the symmetry is about the lines
N1 — % and N — % Then from (4.3-5), it follows that 2-D DCT is given in terms of
the N1-xN,-point DFT as
k1/2 5 ka /2
XC(kl,kZ) — (‘)/Vz[l\]l W2]2\/2 Y(k15k2)7 (]l<17k2) € [O»Nl - 1] X [07N2 - 1]’
, else.

Comments

1. We see that both the 1-D and 2-D DCTs only involve real arithmetic for real-
valued data, and this may be important in some applications.

2. The symmetric extension property can be expected to result in fewer high-
frequency coefficients in DCT with respect to DFT. Such would be expected
for lowpass data, since there would often be a jump at the four edges of the
N1 x N, period of the corresponding periodic sequence X(n1,n,), which is not
consistent with small high-frequency coefficients in the DFS or DFT. Thus the
DCT is attractive for lossy data storage applications, where the exact value of the
data is not of paramount importance.
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3. The DCT can be used for a symmetrical type of filtering with a symmetrical filter.
(See end-of-chapter problem 16.)

4. 2-D DCT properties are easy generalizations of 1-D DCT properties reviewed in
this section.

SUBBAND/WAVELET TRANSFORM>

The DCT transform is widely used for compression, in which case it is almost always
applied as a block transform. In a block transform, the data are scanned, a num-
ber of lines at a time, and the data are then mapped into a sequence of blocks.
These blocks are then operated upon by 2-D DCT. In the image compression stan-
dard JPEG, the DCT is used with a block size of 8 x 8. Subband/wavelet transforms
(SWTs) can be seen as a generalization of such block transforms, a generaliza-
tion that allows the blocks to overlap. SWTs make direct use of decimation and
expansion and LSI filters. In Example 2.3—1 of Chapter 2, we saw that ideal rect-
angular filters could be used to decompose the 27 x 27 unit cell of the frequency
domain into smaller regions. Decimation could then be used on these smaller regions
to form component signals at lower spatial sample rates. The collection of these
lower sample rate signals then would be equivalent to the original high-rate sig-
nal. However, being separate signals, now they are often amenable to processing
targeted to their reduced frequency range, and this has been found useful in many
applications.

Ideal Filter Case

To be specific, consider the four-subband decomposition shown in Figure 4.4-1.
Using ideal rectangular filters, we can choose Hyg to pass the LL subband {|w| <
/2, |wz| < m/2} and reject other frequencies in [—7,+7]?. Then set Ho to pass
the HL subband {7 /2 < |w1]|,|w2| < 7 /2}, set Hy; to pass the LH subband {|w| <
/2,7 /2 < |wa|}, and finally Hy; to pass the HH subband {7 /2 < |w1|,7/2 < |w2]},
all defined as subsets of [—n,+n]2. Then after 2 x 2 decimation, the four-subband
signals xpg,X10,X01, and x1; will contain all the information from the input signal x,
each with a four-times lower spatial sample rate. For example, using (2.3—1) from
Section 2.3, we have for the 2 x 2 decimation case, where M| = M, = 2,

11
1 w) =2k wy—2mky w] — 2wk wy—2mwky
Xij(wlawZ):Z E E Hij( > , 5 >X< 5 , > )
k1=0ky=0

(4.4-1)

SWhat we here call the subband/wavelet transform (SWT) is usually referred to as either the discrete
wavelet transform (DWT) or the subband transform.
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> Hoo »2X 24— Xgo

> H01 » 2 X2V —> Xo1
X —>|

»  Hyp » 2% 2¥ —> X1

> H11 > 2 X2y —> X11

FIGURE 4.4-1
An illustration of a 2 x 2 rectangular SWT.

For the case i = j = 0, and noting the filter Hoo has unity gain in its [—7 /2, 4+7 /2]
passband, we have the LL subband

_ Ly > _ 2
Xoo(wl,wz)—4X > on[—m,+m]", (4.4-2)

because the other three terms in (4.4—1), with i and j not both 0, are all zero in the

frequency domain unit cell [—, +7)?. Thus we can write the LL subband signal xgg
6
as

x00(n1,m) = IFT{%X(CU] /2,w>/2) on [—n,+n]2} 7

Similarly, regarding the LH subband xq1, we can say that
1 2
xo1(n1,n2) =IFT ZX(wl/Z,wz/Z—ﬂ) on[—m,+m]" ¢,

and so forth for xj¢ and x1;. Thus we have the following frequency domain expres-
sions, valid in the unit frequency cell [—m,4+7]> and then periodically repeated

SNote that %X(a)l /2,2 /2) is not periodic with period 27 x 27 and so is not a complete expression for
the FT. Still, over the fundamental period [—, +71?, itis correct. The complete expression for the FT
just repeats this expression, periodically, outside [—, 4],

TWe write the function to be inverse Fourier transformed in the unconventional way %X (w1/2,w2/2)
on [frr,+rr]2 to emphasize that %X(wl /2,w2/2) by itself is not a Fourier transform, as mentioned in
the preceding note.
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elsewhere:
Xoo(w1,02) = L—I‘X(a)l/lwz/z),
Xoi(w1,02) = %X(wl/Q,wz/Z—ﬂ),
Xio(w1,02) = %X(a)]/Z—n,a)z/Z), and

1
X1 (w1, w2) = ZX(w1/2—JT,w2/2—7T)~

A sketch of an isotropic X and its corresponding LH subband Xy; are shown in
Figure 4.4-2 and Figure 4.4-3, respectively. Note that the LH subband has captured
the part of X that is low frequency in w; and high frequency in w;.

To complete this 2 x 2 rectangular SWT, we must show the inverse transform to
reconstruct the original signal x from these four-subband signals xoo X01,X10, and x17.
The inverse transform system diagram is shown in Figure 4.4—4. With reference to
(2.3-4) from Chapter 2, we can write the Fourier transform output of each filter as

Gu(wi,w2)Xu(2wy,2wy), for k,1 =0,1.

Combining these results, we obtain the overall equation for transform followed by
inverse transform as

X(@1,0) = Y Gu(wi,0)XuQw1,20). (4.4-3)
k,1=0,1

-

FIGURE 4.4-2

Fourier transform X of isotropic signal.
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FIGURE 4.4-3
Fourier transform Xo; of LH subband of isotropic signal.
Xgo —>2x24—>  Hoo >
Xo1 —>{2x24 > Go4 >
/> X

X140 > 2x24 > G10
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iy

=y
Y

X11 > 2 x 24

FIGURE 4.44
An illustration of a 2 x 2 rectangular subband/wavelet inverse transform.

Now if we set the gains of the ideal synthesis filters Gy = 4H};, and define their
frequency-domain regions of support identical to those of the analysis filters Hyy,
we can obtain perfect reconstruction as follows. First, note that each of the four
X (w1,2w7) terms are periodic with the smaller period 7 /2 x 7 /2, which matches
exactly the support regions of the ideal bandpass filters Gy. We can thus con-
sider the separate regions, one at at time. First, consider the LL subband region
[—m/2, +JT/2]2 where G has its support and Xgo(2w1,2w;) = lX(a)l,a)z) from
(4.4-3). Now the other three terms in the preceding reconstruction equation are zero
here; thus, for this LL subband region, we have the perfect reconstructed output
X(w1,wn), as desired.



4.4 Subband/Wavelet Transform 137

Next, consider the LH subband region [—m/2,+7 /2] X [7/2,7], where Gy
has its support, and we use (4.4-3) to find X1 (Cwi,2w)) = lX(a)l,a)z—n) on
[—7 /2,47 /2]% and periodically repeated outside. So we need its first vertical alias
valid in the region [—m/2,+m /2] x [ /2,7], which we get by adding 27 to the
argument wj in (4.4-3) to first get Xoi (w1, w2) = ;{X(a)l/Z, (wa+2m)/2 —7m) =
A—ILX(a)l/Z,a)z/Z), valid in the region [—7,+7] X [, 37 ]; therefore, X1 2w1,2w;) =
‘—ILX(a)l,a)g) in the region [—m/2,+m /2] % [7/2,37 /2], which is the same as
the union of the two regions [—m /2,47 /2] x [7r/2,7] and [—7m /2,47 /2] X
[—m,—m /2] by the necessary 2w x 2 periodicity. Reference to Figure 4.4-3
may help here. Thus for the LH subband region where Gg; is nonzero, we have
Xo01Qw1,2w)) = %X(a)l,a)z —mTH4m) = %X(a)l,a)z) and thereby get perfect recon-
struction with a passband gain of 4. The perfect reconstruction for the other two
subband regions HL [7/2,7] X [—7 /2,47 /2] and HH [7 /2, 7] X [-7 /2,47 /2]
follows similarly.

Putting the four results together, we have

X(w1,02), o1l <m/2,lw| <m/2,
X(wy,w2), |ow)—7|<7/2, || <7/2,
X(w,w2), |oi| <7w/2,lw;—7| <7/2,
X(wi,w2), |w1—n|<n/2,|wy—7m| <m/2,

X(w1,02) =

= X(w1,w2) \/

We can regard this as an ideal SWT in the sense that the Fourier transform is
an ideal frequency transform, while the DFT and DCT are more practical ones; that
is, they involve a finite amount of computation and do not have ideal filter shapes.
We can substitute nonideal filters for the preceding ideal filter case and get a more
practical type of SWT. The resulting transform, while not avoiding aliasing error in
the subband signals themselves, does manage to cancel out this aliasing error in the
reconstructed or inverse transformed signal x. To distinguish the two, we can call the
preceding an ideal SWT and a practical type, with finite order filters, just an SWT. Of
course, there is no unique SWT, as it will depend on the filters used.

1-D SWT with Finite Order Filters

We can avoid the need for ideal filters if we can accept some aliasing error in the
subbands. We first review the 1-D case for a two-channel filter bank. Then we will
construct the required 2-D filters as separable products. A simple two-channel 1-D
SWT is shown in Figure 4.4-5. If we construct the 1-D filters to cancel out any alias-
ing in the reconstruction, then the same will be true of the separable 2-D transform.
Using the 1-D theory, we find

1
Xo(w) = 3 [Ho(w/2)X(w/2) + Ho(w/2 — )X (w/2 = 7)] and

1
X1(@) = 5 [H1(@/DX(@/2) + Hi(@/2 = D)X (@/2 = )].
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FIGURE 4.4-5

A system diagram for a two-channel 1-D SWT.
Xo Go
<|>X
X4 G, R
FIGURE 4.4-6

An illustration of the 1-D ISWT.

The inverse 1-D SWT is shown in Figure 4.4—6. From this figure, the reconstructed
signal (inverse transform) is given as

X(w) = Go(0)Xo2w) + G1 (@) X1 2w)

1
= 5 [Go(@)Ho (@) + Gi(@)H (@)1 X(w)

1
+ 3 [Go(w)Ho(w — ) + Gr(w)H 1 (0 — )] X(w — 7).

Therefore, to cancel out aliasing, we need
Go(w)Hp(w — ) + Gi(w)H(w — 1) =0, (4.4-4)
and then to achieve perfect reconstruction, we additionally need
Go(w)Ho(w) + Gi(w)H (w) = 2. (4.4-5)
The first solution to this problem was the quadrature mirror condition [5, 6],
Go(w) £Hi(w—m) and Gi(w) £ —Hy(w—1), (4.4-6)

which cancels out the aliasing term (4.4—4). In order to get a lowpass—highpass filter
pair, we then set
Hi(w) = Ho(w—m), (4.4-7)

where we see the “mirror symmetry,” as sketched in Figure 4.4-7.
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FIGURE 4.4-7

Illustration of magnitude responses of a quadrature magnitude filter (QMF) pair.

We can see that if Hy is chosen as a lowpass filter, then H; will be highpass, and
similarly the reconstruction filter Gy will be lowpass and G will be highpass. To get
perfect reconstruction with zero delay, we then need

Hi(w) — H}(w — 1) = 2. (4.4-8)

Often, a positive integer delay is inserted on the right-hand side of the condi-
tion (4.4-8) to allow causal filters to be used in both analysis (SWT) and synthesis
(ISWT).

|
Example 4.4-1: Haar Filter Pair

Nearly the simplest subband/wavelet filter pair is obtained by forming the sum and dif-
ference of successive pairs of inputs, as can be accomplished with the so-called Haar
filters

ho(n)é%[é(n)—l-(ﬁ(n—l)] and hl(n)é%

which agree with the mirror symmetry condition in (4.4-7). Then, with reference to
Figure 4.4-5, we have the SWT transform functions

[6(n) —8(n— D],

1
V2
Next, following the synthesis condition in (4.4-6), we obtain

1 1
go(n) = 5 7

Taking the Fourier transforms of these filters and inserting into the left-hand side of
(4.4-8), we get

xo(n) = % [x(2n) +x(2n—1)] and x1(n) = [x(2n) —x(2n—1)].

[6()+8(n—1D] and gi(n) = —=[-8(n)+(n—D].

1 . . 1 . )
Hg(a)) —Hg(a) —7) = E(l +2e7I® 4 g2y E(l — 207 4 oTI2®)
1

= —4e7I®
2
=2¢77®,

indicating perfect reconstruction is possible, but with a delay of one sample. [ |
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An alternative and preferable formulation of the alias cancellation for 1-D SWT
was found by Simoncelli and Adelson [7]. In their approach,

Go(w) £ Hy(—w) and Gi(w) = H|(~w), (4.4-9)
which results in the reconstruction formula
X(w) = % [Ho(w)Ho(—w) + Hi (0)H (—w) ] X (w) + %[Ho(w —m)Ho(—w)
+Hi(w —m)H (—w)]X(w —7)
= 5 [0 P + 111 @) ] X + alis terms,

since the /; are assumed real. Upon setting

Ho(w) = H(—w) and H(w) =e¢ H(w+ 1), (4.4-10)
again the alias terms cancel out. Here, H(w) is chosen as a lowpass filter designed to
achieve

|Ho(@)]* + [Hi () |* = (4.4-11)
H(@)? +H(@+ 1) =2.
|

Example 4.4-2: Alternative Haar Filter Pair

If we follow this alternative method for the Haar lowpass filter hg(n) = \i@ [6(n)+8(n—1)],
we get the alternative highpass filter h;(n) = % [—8(n) +68(n—1)] via (4.4-10) and then
via (4.4-9), the pair of noncausal reconstruction filters

1 1
—[6(m)+8(n+1)] and gi(n) = —[-0(n)+d(n+1)].

n)=
go(n) 7 7
Upon insertion into (4.4-11), we get perfect reconstruction with zero delay for this
noncausal pair. [ |

Note the similarity in the two Haar SWTs in the last two examples. In fact, if we
put a delay of one sample into the noncausal reconstruction (ISWT) in this exam-
ple, they become equivalent solutions. Unfortunately for filter orders higher than
one, exact reconstructions are not possible, and approximation to the reconstruction
formulas is thus necessary. Some methods of subband/wavelet filter design will be
discussed in Chapter 5.

2-D SWT with Finite Impulse Response (FIR) Filters

We can apply the just-reviewed 1-D SWT theory separably to the horizontal and
vertical axes, resulting in four subbands X;j(w1,>), just as in (4.4-1). Since the 2-D
separable case can be thought of as the sequential application of the earlier 1-D SWT
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to the rows and columns, we know immediately that the corresponding separable 2-D
SWT will achieve alias cancellation and perfect reconstruction also,

Hij(w1,w2) = Hi(w1)Hj(w2) and Gjj(w1,w2) = Gi(w1)Gj(w?).

Due to finite order filters, though, equations such as (4.4-2) will not hold and
alias error will be present in the subbands X;;. However, if we use as a basis for our
separable filtering, filters such as the preceding ones that have the property of cancel-
ing out aliasing in the reconstruction, then inverse SWT (ISWT) exists as indicated
in (4.4-3). Depending on the filters used and their length, the amount of aliasing in
the subbands may be significant. Filter designs for SWT can ameliorate this problem,
mainly by going to longer filters.

Relation of SWT to DCT

Consider an 8 x 8 rectangular SWT. It would have 64 subbands, with center frequen-
cies evenly distributed over the frequency unit cell. Now consider applying the DCT
to the same data, but blockwise using 8 x 8 DCTs. We can easily identify each set of
DCT coefficients with one of the subbands. In fact, if we were to use the DCT basis
functions, reflected through the origin as the subband/wavelet filters,

( )= —(— 1) —l (= 1)
hy(ny,n 4cos 2n1 + 1) cos 2ny +1),
KL 2 2Ny ! 2N, 2

then the subband values would be exactly the sequence of DCT coefficients at that
frequency k, /. We can thus see the SWT as a generalization of the block DCT trans-
form, wherein the basis functions (subband filter impulse responses) are allowed to
overlap in space.

Relation of SWT to Wavelets

Wavelet theory is essentially the continuous-time theory that corresponds to dyadic

subband transforms—i.e., those where the L (LL) subband is recursively split over

and over. Wavelet analysis of a continuous-time signal begins as follows. Let f(¢) €
2 2 . . . 400 2 .

L~ (L” being the space of square integrable functions fﬁ o |f (D] dt < 00), specify a

mother wavelet (1) as some

+0o0

V(1) € L' satisfying / V(tdt =0,

i.e., a specified highpass function. We then define a continuous wavelet transform
(CWT) of f as [8, 9]

“+o00
y(s,7) 2 f fO (0,
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with wavelets ¥ - (1) e LSW(’_TT). The positive parameter s is called the scale, and

T is called the delay. We can see that if i is concentrated in time, a CWT gives
a time-varying analysis of f into scales, or resolutions, where increasing the scale
parameter s provides a lower resolution analysis. You might think that f is being
overanalyzed here, and indeed it is. Wavelet theory shows that a discrete version of
this analysis suffices to describe the function. A discrete wavelet transform (still for
continuous-time functions) is defined via the discrete family of wavelets [6, 11]:

N t—ltosk
Vi) 2 —=v (%)

k
w5
=2"%2y 27— 1), withso =2 and tg = 1,

as
+00
y (kD) = / FOY (Dt

This analysis can be inverted as follows:

@O =Yy kD), (4.4-12)

k,l

called an inverse discrete wavelet transform (IDWT), thus creating the analysis—
synthesis pair that justifies the use of the word “transform.” Now the k index denotes
scale, so that as k increases, the scale gets larger and larger, while the / index denotes
delay or position of the scale information on the time axis. The values of the DWT
y (k,l) are also the called wavelet coefficients of the continuous-time function f.
Here, both indices &,/ are doubly infinite (i.e., —0co0 < k,I < 4+00) in order to span
the full range of scales and delays.
Rewriting (4.4—12) as a sum over scales,

f=y [Z y (k, l)m/fk,la)} : (4.4-13)

k [

we can break the scales up into two parts,

fo=>%" [Zy(k, l)wk,,(o} +> {Zy(k, lwk,zm} ,

k<ko L 1 k>ko [

= low-scale (frequency) part + fine-scale (frequency) part,

which is reminiscent of a SWT that we have defined only for discrete-time functions
earlier in this chapter. In fact, wavelet theory shows that the two theories fit together in
the following sense. If a continuous-time function is wavelet analyzed with a DWT at
a fine scale, then the wavelet coefficients at the different scales are related by a SWT.
Going a bit further, to each DWT there corresponds a dyadic SWT that recursively
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calculates the wavelet coefficients. Unfortunately, there are SWTs that do not corre-
spond to wavelet transforms due to lack of convergence as the scale gets larger and
larger. This is the so-called regularity problem. However, it can be generally said that
most SWTs currently being used have good enough regularity properties, given the
rather small number of scales that are used both for image analysis and for image cod-
ing, typically less than seven. More information on wavelets and wavelet transforms
can be obtained from many sources, including the classic works of [8, 9].

Before leaving the topic of wavelets, notice that the scale parameter k in (4.4—
12) never gets to —oo, as the infinite sum is really just the limit of finite sums.
However, this is OK because there cannot be any “dc” value or constant in any func-
tion f(r) € L? over the infinite interval (—oo,400), since we require that the mother
wavelet and, as a result, the actual wavelet basis functions, have zero mean, i.e.,
[y @dr=0.

FAST TRANSFORM ALGORITHMS

The DFT and DCT are widely used in image and video signal processing, due in
part to the presence of fast algorithms for their calculation. These fast algorithms are
largely inherited from the 1-D case due to the separable nature of these transforms.

Fast DFT Algorithm

Here, we briefly look at efficient algorithms to calculate the DFT. We cover the
so-called row—column approach, which expresses the 2-D DFT as a series of 1-D
transforms. To understand this method we start out with

Ni—1N,—1
k k
X(ki k) =Y Y x(n,m) Wyl w2,
n1=0 np=0
valid for (k1,kz) € [0,N1 — 1] x [0,N2 — 1], and bring the sum over n; inside, to
obtain
No—1] Ni—1
— niky noky
- Z Z x(nl’nZ)WNl WN2
n=0 | n=0
Ny—1
_ . noky
= > X(kism)Wy? (4.5-1)
nr=0

upon defining the row-transforms X (k;;n2) as

Ni-1
X(ki;np) & Z X(m,nz)WXfIkl,

n;=0
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for each row n; of the original data array x. If we store these values back in the same
row, then we see that (4.5-1) is then just the 1-D column DFTs of this intermediate
data array. If the data are stored sequentially on a tape or disk, it may be advanta-
geous to perform a data transposition step between the column and row transforms
to minimize access to this secondary slower storage [1]. When there is sufficient
random access storage, such an intermediate step is not necessary. If we use an in-
place 1-D FFT routine to implement the row and column transforms, then the amount
of RAM needed would be determined by the size of the data array x with support
Ni X N>.

Computation
Here, we assume that both N1 and N, are powers of 2.

Step 1: We use the Cooley-Tukey 1-D FFT algorithm to do the row transforms,
either decimation in time (DIT) or decimation in frequency (DIF) with N; - 1% log, N1
complex multiplies and N, - N log, N1 complex additions.

Step 2: We do any necessary data mappings due to insufficient RAM (e.g., matrix
transposition).

Step 3: We use the Cooley-Tukey 1-D FFT algorithm again to do the
column transforms in Ny - % log, N2 complex multiplies and N; - N2 log, N> complex
additions.

The total amount of computation then comes to N 'zN 2]log, N1 N2 complex multi-
plications and NjN;log, NiN> complex additions. These are the so-called radix-2
algorithms. There are also radix-4 algorithms for 1-D FFT and vector radix algo-
rithms for 2-D FFT 1. They both can offer some modest improvement over the
radix-2 case considered here. For example, if N is a power of 4, then the radix-4
approach can save about 25% in computation.

Fast DCT Methods

We can employ a fast method of DFT calculation to the DCT. We would simply
calculate the 2N-point DFT of the symmetrically extended sequence y. This would be
an efficient Nlog, N method but would involve complex arithmetic. An alternative
method involving only real arithmetic for a real-valued x(n) has been obtained by
[10]. They define the real and imaginary parts of the N-point DFT as

nk

2
cos-DFTy (k) £ Zx(n) cos =

and

2 nk
in-DFTy (k) £ i .
sin v (k) Zx(n) sin N
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—> cos-DF Ty»

—> C0s-DF T, —|

—> DCT

DCTy —>
— sin-DF Ty

L— sin-DF Ty —>

—> DCTppu

FIGURE 4.5-1
Tree diagram of fast DCT by [10].

Then they find
DFTy (k) = cos-DFTy (k) — jsin-DFTy (k),
DCTy(N) =0,
DCTy(—k) = DCTn(+k),
DCTny(2N — k) = —DCTy (k),
cos-DFTy (N — k) = cos-DFTy (k), and
sin-DFTy (N — k) = —sin-DFTy (k),

where in these equations, and others of this section, the DCT and DFT transform is
not automatically set to zero outside its fundamental period. Using these relations and
some others, the dependency tree of Figure 4.5-1 is developed [10].

The resulting computation for N, a positive integral power of two becomes
approximately %VlogzN real multiplications and %’(310g2N —2) + 1 real additions
(see [10] for details). The 2-D N1 x N DCT, via a row—column method, would then
require Ny - % logy N2 + N> - % log, N> real multiplications.

SECTIONED CONVOLUTION METHODS

Consider an image of size M| x M>, to be convolved with an FIR filter of size
L1 x L, where usually we have L; << M;,i = 1,2. In such a case, it is not efficient
to directly implement the 2-D convolution in the DFT domain. However, we can
first section the input into adjoining rectangular sections x; j(n1,n2) of intermediate
support, so that

xX(ni,m) =y _x; j(n1,n2).
iJ
Then we can write the convolution y = & * x as

y(ni,mp) =Y hni,ng) xx; j(n,n),
iJ
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where each section output y; j(n1,n2) £ n(ng,m) *x;j(ny,nz) is of much smaller
extent, and so can be efficiently calculated via DFT methods. In the 2-D overlap-and-
add (O&A) method [2], we select the section size as (N1 — L1+ 1) x (N — L + 1)
and the DFT size as N1 x N3 so as to avoid spatial aliasing. The section outputs y;
then overlap in vertical strips of width L; and horizontal strips of height L.

The total number of sections for the image N; is given as

M, M,
NS: )
Ni—Li+1 No—Ly+1

where [-] indicates the greatest integer function. The computation needed per
section is two DFTs and N1 N, complex multiplies and additions. Using row—column
FFTs and assuming that N; and N, are integral powers of 2, we obtain the total
requirement as

Mi Mz 2NiN; 1 2 1 multiplicati
’VNI y 1—‘ ’VNz Yy 1—‘ [ N1N>log,(N1N2) + NlNz] real multiplications.
Now the direct computation, assuming x and / are real valued, is M{M>L1L,. We
can offer the following comparisons. For Ly = L; > 5, the O&A method has less
computation according to these formulas, and for L; = L, > 10, the O&A method
may be actually preferable, considering the overhead of implementing the required
DFTs. In the literature on block filtering, typically N1 = N> = 64 or 128.

CONCLUSIONS

The DFS, DFT, and DCT can easily be extended to two dimensions as separable
operators. The familiar concepts of circular convolution and now spatial aliasing
were visited again, due to the sampling in frequency space. We investigated the
SWT and interpreted it as an extension to overlapping bases functions of the DCT.
Fast algorithms for both the DFT and DCT were presented relying on the so-called
row—column method that exploits operator separability. Sectioned convolution allows
“linear convolution” results to be achieved via DFT-based circular convolution. More
on the 2-D DFT, including a special DFT for general sampling lattices, can be found
in Chapter 2 of Dudgeon and Mersereau [11].

PROBLEMS

1. Consider the rectangularly periodic sequence X(n1,n;), with period Ny x N, and
express its Fourier transform in terms of impulse functions. Relate your result to
the corresponding DFS X (k1,k2).



10.

Problems

. Show that the sum and product of two periodic functions X and y that have the

same periods are periodic with the common period.

. Find the N-point DFT of x(n) = u(n) — u(n — N) and then the same size DFT of

x(n) =un) —u(n—N+1).

. Let the signal x(n1,n,) have support [0,N; — 1] x [0, N — 1]. Express the N| x

N> point DFS or DFT, as appropriate, of each of the following in terms of
X(w1,w?7), the Fourier transform of x:

(@) x[(n1)n;,(n2)n,]

®) > . ki Dl ko X(n1 —kiN1,n2 —kaN2) (Remember, k and k; are integers.)
(©) x[(N1 —np)n,, (N2 —n2)n,]

(d) x(N1 —1—n1,N2—1—np)

. Find the DFT of x(n1,n2) = 16(ny1,n2) +26(n1 — 1,n2) + 18(n; — 2,n3).

Let an image x(n1,n7) have support ny,ny :=0, ..., N — 1. Assuming the image
is real valued, its DFT X(k1,kp) will display certain symmetry properties. In
particular, show that X (k1,kp) = X*(N — ky,N — kp) for ky,k :=0,...,N— 1.

. Show that the 2-D DFT can be written in matrix—product form as the triple

product

X = FxFT,
for image data {x(n1,n3),0 <ny <N;—1,0<mn; <N —1} entered into the
N| x No matrix x as

xij=x@—1,j—1) for1 <i<N;,1 <j< Ny,

by choosing appropriate entries for the matrix F. Show how the DFT is stored
in the matrix X in detail. This is a consequence of the separable operator nature
of the DFT. Interpret this result in terms of row-DFTs and column-DFTs.

. Prove Parseval’s theorem for the N1 x N,-point DFT,

Ni—1N>—1 1 Ni—1N>—1

* _ *
E E x(ni,n2)y (n],nz)—]\]—lN2 E E X(k1,k2) Y™ (k1,k2).
n1=0 np=0 k1=0 k=0

Your proof is to be direct from the definitions of DFT and IDFT and should not
use any other properties.

Find the 2-D DFT of signal x, with support [0,N7 — 1] x [0,N> — 1], given on its
support as

x(n1,n2) =104+ 2cos(2w5n1 /N1) + S5sin(2mw 8ny /N>).
Assume that N; > 5 and N, > 8.

Prove the correctness of DFT property 2 (Section 4.2) directly in the 2-D DFT
transform domain, using the DFT circular shift or delay property 5.

147
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11.

12.

13.

14.

15.

16.

Prove the following 2-D DFT properties. Your proof should be direct (i.e.,
should not make use of other DFT or DFS properties). Take the DFT size to
be N; x N».

(@) x*(n1,n2) < X*[(=k1)n,, (—=k2) Ny vy xiv, (1, k).

(b) x*[(=nD)ny, (=m2)n, My xN, (11,12) & X*(k1,k2).

Start with a general signal s(nj,n7) and take its Fourier transform to get
S(w1,wy). Then sample this Fourier transform at w; = % and wy = %,
where k1,k : 0, ...,255 to get S(k1,k2). Find an expression for IDFT{S(k1,k2)}
in terms of the original s(n1,n7). This is called spatial aliasing.

Fill in the details in going from (4.2-7) to (4.2-8), thus deriving the conse-
quences of sampling in the 2-D frequency domain.

Let the 1-D finite support signal x be given over its support region [0,N — 1] as
10
x(n) = 10+ 8 cos [%(2;1 +1)] +2cos [2—;(2;1+ 1)} .

(a) Sketch the plot of x(n).

(b) Find the DFT of x.

(c) Find the DCT of x.

(d) Use MATLAB to perform a 2-D version of this problem for the 2-D finite-
support function x given over its support region [0,N — 1]* as

T T
x(ny,12) = 10 + 8 cos [ﬁ(zm + 1)](:03 [ﬁ(znz ¥ 1)]
10 10
+2cos [2—]:(2111 + 1):| cos |:2—]\7]T(2n2 + 1)] .

Please provide plots of x(n1,n2), |X(k1,k2)|, and Xc(k1,k2).

This problem concerns DCT properties, both in 1-D and 2-D cases.

(a) Let Xc(k) be the DCT of x(n) with support [0, N — 1]. Find a simple expres-
sion for the DCT of x(N — 1 — n). Express your answer directly in terms of
Xc(k).

(b) Repeat for a 2-D finite support sequence x(nj,ny) with support on
[0,N — 1713, and find a simple expression for the 2-D DCT of x(N — 1 — ny,
N —1—np) in terms of Xc(k1,k2). (Please do not slight this part. It is
the general case and, therefore, does not follow directly from the result of
part a.)

This problem concerns filtering with the DCT. Take the version of DCT defined

in the text with N points and consider only the 1-D case.

(a) If possible, define a type of symmetrical convolution so that zero-phase fil-
tering may be done with the DCT. Justify your definition of symmetrical
convolution.



17.

18.

19.

20.

Problems

(b) Consider a symmetrical zero-phase FIR filter with support [—-M,+M] and
determine whether linear convolution can be obtained for a certain relation
between M and N.

(¢) Is there a version of sectioned convolution that can be done here? Explain.

Let the signal (image) x(n1,n2) have finite support [0,M| — 1] x [0,M; — 1].

Then we have seen it is sufficient to sample its Fourier transform X(w1,w;)

on a uniform Cartesian grid of N1 x N, points, where Ni > M and N, > M5.

Here, we consider two such DFTs (i.e., DFTy, xn, and DF Ty, xm,).

(a) Express DFTy, xn, in terms of DFT), xum, as best as you can.

(b) Consider the case where N; = L;M; for i = 1,2, where the L; are integers,
and find an amplitude and phase closed-form representation for the resulting
interpolator function.

We have been given an FIR filter 4 with support on the square [0,N — 1] x
[0,N — 1]. We must use a 512 x 512-point row—column FFT to approximately
implement this filter for a 512 x 512-pixel image. Assume N < 512.

(a) First, evaluate the number of complex multiplies used to implement the fil-
ter as a function of M for an M x M image, assuming the component 1-D
FFT uses the Cooley-Tukey approach (assume M is a power of 2). Then
specialize your result to M = 512. Assume that the FIR filter is provided as
H in the DFT domain.

(b) What portion of the output will be the correct (linear convolution) result?

We want to perform linear filtering of the signal (image) x(n1,n2) with the FIR
linear filter with impulse response coefficients i(n1,n;) in the DFT domain. The
supports of the image and filter impulse response are given as follows:

supp{x} =[0,N —1] x [O,N —1] and  supp{h}=[—L,+L] x [-L,+L].

Assume that the positive integers L and N satisfy N >> L. (Disregard any image

positivity constraints.)

(a) Employ DFTs of size N x N and specify in detail a method of placing the
impulse response coefficients h(ny,n2) into the DFT domain [0,N — 1] x
[0, N — 1] so that the filter output y = x * & will be represented by the product
of the DFT coefficients Y (k1,k2) = X (k1,kz2)H (k1,k2), possibly with some
delay (shift) and some circularity effect around the edges. Specify the loca-
tion of these bad (due to circularity effect) pixels. (Note that you cannot
take the DFT of /4 directly because of its symmetric support.)

(b) Specify a mapping of the impulse response coefficients A(ny,n) onto the
DFT domain [0,N — 1] x [0, N — 1] such that there is zero shift (delay).
Justify your answer.

This problem concerns 2-D vectors, which are rectangular Ny x N, arrays of val-
ues that correspond to finite sets of 2-D data, ordinarily thought of as matrices.
We call them 2-D vectors because we want to process them by linear operators
to produce output 2-D vectors. Such operators can be thought of as 4-D arrays,

149
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21.

the first two indices corresponding to a point in the output 2-D vector, and the
last two indices corresponding to a point in the input 2-D vector. We will call
these linear operators 4-D matrices; thus, notationally we can write

Y ="HX,

where bold capital values X,Y denote 2-D vectors and script value H denotes

the 4-D matrix.

(a) Show that the set of 2-D N;| x N, vectors constitutes a finite dimensional
vector space.

(b) Define the appropriate 2-D vector addition and 4-D matrix multiplication in
this vector space.

(c) Show that this notationally simple device is equivalent to stacking, wherein
the 2-D vectors X,Y are scanned in some way into 1-D vectors x,y and
then the general linear operator becomes a 1-D or ordinary matrix H,
which has a block structure.® Finally, relate the blocks in H in terms of
the elements of H.

(d) Define a transpose for 2-D vectors X and show it is not the same as
regular matrix transpose. (Use superscript ¢ for the 2-D vector trans-
pose to distinguish it from regular matrix transpose that is denoted by
superscript 7.)

(e) How can we find the determinant detH? Then, if det7H # 0, how can we
define and then find H~'?

Show that the 1-D Haar filters in Example 4.4-2 satisfy the perfect reconstruc-
tion condition (4.4—11) and that the corresponding ISWT actually equals x(n) by
direct calculation in the 1-D frequency or time domain.
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CHAPTER

Two-Dimensional Filter
Design

This chapter discusses the design of spatial and other 2-D digital filters. We will
introduce both finite impulse response (FIR) and infinite impulse response (IIR) fil-
ter design. In the FIR case, we first present window function design of rectangular
support filters. We then briefly present a 1-D to 2-D transformation method due to
McClellan and a method based on successive projections onto convex sets of fre-
quency domain specifications. In the IIR case, we look at computer-aided design
methods that guarantee BIBO stability and also offer approximation for both magni-
tude and phase. We consider both conventional spatial-recursive filters as well as a
more general class called fully recursive. Finally, we discuss subband/wavelet filter
designs for use in the SWT.

FIR FILTER DESIGN

FIR support filters are often preferred in applications because of their ease of imple-
mentation and freedom from instability worries. However, they generally call for a
greater number of multiplies and adds per output point. Also they typically require
more temporary storage than IIR designs that are covered in Section 5.2.

FIR Window Function Design

The method of window function design carries over simply from the 1-D case.
We start with an ideal, but infinite order, impulse response h;(n1,n2), which may
have been obtained by inverse Fourier transform of an ideal frequency response
Hj(w1,w2). We then proceed to generate our FIR filter impulse response h(ng,n7)
by simply multiplying the ideal impulse response by a prescribed window function
w(ny,ny) that has finite rectangular support:

h(n1,n2) £ w(ny,n)hy(n1,n2),
with corresponding multiplication in the frequency domain,

H(wi,w2) = W(wi,w2) ® H(w1,w?),

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00005-9 1 53
(© 2012 Elsevier Inc. All rights reserved.
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where ® indicates periodic continuous-parameter convolution with fundamental
period [—7,4+7] x [—m, 4], specifically

1
H(wi,w2) = W/ / W(g 1,9 Hi(w1 — ¢y, 02 — P)dd1de,.
[

-, 4| Xx[—m,+7]

In applying this method, it is important that the window function support supp(w)
coincide with the largest coefficients of the ideal impulse response 4;, and such can
be accomplished by shifting one or the other until they align.

We would like the window function and its Fourier transform to have the
following properties:

* w should have rectangular N1 x N, support.

* wshould approximate a circularly symmetric function (about its center point) and
be real valued.

» The volume of w should be concentrated in the space domain.

* The volume of W should be concentrated in the frequency domain.

Ideally we would like W to be an impulse in frequency, but we know even from
1-D signal processing that this will not be possible for a space-limited function w.
The desired symmetry in the window w will permit the window-designed impulse
response £ to inherit any symmetries present in the ideal impulse response /7, which
can be useful for implementation. In the 2-D case, we can consider two classes of
window functions: separable windows and circular windows.

Separable (Rectangular) Windows
Here, we simply define the 2-D window function w(n1,n;) as the product of two 1-D
window functions,

ws(n1,m2) £ wi(n)wa(na).
This approach generally works well when the component functions are good 1-D
windows.

Circular (Rotated) Windows
The circular window is defined in terms of a 1-D continuous time window function

w(t), as
we(ni,m) = w (\/n% +n§>

which has the potential, at least, of offering better circular symmetry in the smoothing
of the designed filter.

Common 1-D Continuous Time Windows

We define the following windows as centered on ¢ = 0; however, you should keep in
mind that when they are applied in filter design, they must be shifted to line up with
the significant coefficients in the ideal impulse response.
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e Rectangular window:

sl ltI<T,
w(t) = {0, else.

* Bartlett (triangular) window:
1—¢/T, 0<t<T,
wit)£2{14+t/T, —T<t<0,
0, else.

* Hanning window:

. [ +cosmt/T), |t <T,
w(t) =
0, else.

e Kaiser window:

) 2 Io<ﬂ\/1—(t/T)2>/10(ﬂ), 1 <T,

0, else,

where I(¢) is the modified Bessel function of the first kind and of zero order [1].
The free parameter 8 in this definition means that the Kaiser window is actually
a family of windows. As B is varied over a range, typically [0, 8], the transition
bandwidth goes up while the filter attenuation in the stop band goes down, in such
a manner as to better or equal the performance of the other known 1-D window
functions. We thus concentrate on only Kaiser window function designs for our
2-D filters.

Approximate design formulas have been developed for 2-D circular symmetric
lowpass filters [2] to estimate the required values of the filter size N1 and N, and the
Kaiser parameter' . They are based on the desired filter transition bandwidth Aw
and stopband attenuation AT'7, defined as follows:

A
Aw = wg — wp,

where w; and ), denote the circular radii of the desired stopband and passband,
respectively, and each with maximum value of 7. The attenuation parameter AT7T is
given as

ATT £ —20log,( (v/8,8p),

where 8, and §,, denote the desired peak frequency domain errors in the stopband and
passband, respectively. The estimated filter orders are given for the square support
case N1 = N, as separable:

_ATT -8
210w’

N

IThis B parameter is denoted as o in Oppenheim, Schafer, and Buck [3].
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and circular:
__ATT -7
T 218w

The estimate of 8 is then given as separable:

c

L

_ [0.42(ATT —19.3)%4 4 0.089(ATT — 19.3), 20 < ATT < 60,
Ps 0, else,

and circular:

_ [0.56(ATT —20.2)%4 4 0.083(ATT —20.2), 20 < ATT < 60,
e {0, else.

L
Example 5.1-1: Window Design Using MATLAB

We have designed an 11 x 11 lowpass filter with filter cutoff f, = 0.3 (w, = 0.67) and using
two Kaiser windows, with 8 =8, both separable and circular. Figure 5.1-1 shows the
magnitude response of the filter obtained using the separable Kaiser window. The contour
plot of the magnitude data is shown in Figure 5.1-2. Figure 5.1-3 shows the 11 x 11
impulse response of the designed FIR filter. Figure 5.1-4 shows a contour plot of the
impulse response to demonstrate its degree of “circularity.”

0.8
0.6 -
0.4+
0.24

0 oA e
80

FIGURE 5.1-1

Magnitude response of Kaiser window FIR filter design with 8 =8 (64 x 64 DFT with (0,0)
shifted to center).

The next set of figures shows corresponding results for a circular Kaiser window.
Figure 5.1-5 shows the magnitude response, followed by Figure 5.1-6 showing its contour
plot in frequency. Figure 5.1-7 shows the corresponding impulse response plot, and then
Figure 5.1-8 shows the contour plot. Note that both the circular- and separable-designed
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FIGURE 5.1-2

Contour plot of separable Kaiser window-designed filter 8 = 8 (64 x 64 DFT with (0,0)
shifted to center).

FIGURE 5.1-3
Plot of 11 x 11 impulse response.

filters display a lot of circular symmetry, which they inherit from the exact circular symme-
try of the ideal response H;. Both designs are comparable. A lower value of 8 would result
in lower transition bandwidth, but less attenuation in the stopband and more ripple in the
passband. [ |
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Contour plot of impulse response.

FIGURE 5.1-5

B =8, but with circular Kaiser window (64 x 64 DFT with (0,0) shifted to center).

The MATLAB .m files WinDes permit easy experimentation with Kaiser win-
dow design of spatial FIR filters. The program WinDesS.m uses separable window
design, while WinDesC.m uses the circular window method. Both programs make
use of the MATLAB image processing toolbox function fwindl.m, which uses
1-D windows. The other toolbox function fwind2.m does window design with a
2-D window that you supply. It is not used in either WinDes program. As an exercise,
try using WinDesC with the parameters of Example 5.1-1, except that 8 = 2. These

programs are available at the book’s Web site.
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Contour plot of magnitude response (64 x 64 DFT with (0,0) shifted to center).

FIGURE 5.1-7

11 x 11 impulse response of Kaiser circular window-designed filter.

Example 5.1-2: Filter Eric Image

We take the filter designed with the circular window and apply it to filtering the Eric image
from Figure 1.1-7 of Chapter 1. The result is shown in Figure 5.1-9 where we note the

visually blurring effect of the lowpass filter.
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FIGURE 5.1-8
Contour plot of impulse response.

‘ -
1|
FIGURE 5.1-9
Lowpass filtering of the Eric image from Figure 1.1-7 of Chapter 1.

We now turn to an FIR design technique that transforms 1-D filters to obtain 2-D
filters.

Design by Transformation of 1-D Filter

Another common and powerful design method is by transformation. The basic idea
starts with a 1-D filter and then transforms it to two dimensions in such a way that
the 2-D filter response is constant along contours specified by the transformation.
Thus, for contours with an approximate circular shape, and a 1-D lowpass filter, we
can achieve approximate circular symmetry in a 2-D lowpass filter. The basic idea
is due to McClellan [4], and it is developed much more fully in Lim’s text [5] than
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here, where we present only the basics. The method is also available in the MATLAB
image processing toolbox.

We start with a 1-D FIR filter, of type I with zero phase [3], so that we can write
the frequency response as the real function

M
H(w) =) a(n)cos(nw), (5.1-1)

n=0

where the filter coefficients #(n) can be expressed in terms of the a(n). Next, we
rewrite this equation in terms of Chebyshev polynomials cos(nw) = T}, [cosw] as

M
H(w) =) d (n)cos"w, (5.1-2)

n=0

where the a’ () can be expressed in terms of the a(n) (see end-of-chapter problem 8).
Note that the first few Chebyshev polynomials are given as
Tr(x) =2x% — 1,

To) =1, Ti(x)=ux,

and in general

T,(x) =2xT, 1 (x) = Ty—2(x), n>1

Next, we introduce a transformation from the 2-D frequency plane to cosw, given
as [4]

F(wi,w3) =A+ Bcosw) + Ccoswy + Dcos (w; — wy) + Ecos (w) +wy), (5.1-3)

where the constants A, B, C, D, and E are adjusted to the constraint |F(w1,w3)| < 1 so
that F will equal cos w for some w.

At this point, we parenthetically observe that when the 1-D filter is expressed in
terms of a Z-transform, the term cos w will map over to %(z +z~1), and the transfor-
mation F will map into the 2-D Z-transform of the 1 x 1 order symmetric FIR filter f
given as

1 1 1

2D ;C ZE
fum)={ B A IB ¢,

1 1 1

2B 2C 3D

with axes — n1 and ny upwards, with 0 and the center. Thus we can take a realization
of the 1-D filter and, replacing the delay boxes z~! with the filter F(z1,z), obtain
a realization of the 2-D filter. Of course, this can be generalized in various ways,
including the use of higher order transformations and the other types (II and IV) of
1-D FIR filters.

161
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(0,0)
FIGURE 5.1-10

[llustration of 1 x 1 order McClellan transformation for nearly circular symmetric contours.

If we take the values A =—-0.5,B=C=0.5, and D =FE =0.25, we get con-
tours F(wp,wy) with a nearly circular shape, even near (+m,4m), as is sketched
in Figure 5.1-10, which is very nearly circular in shape out to about midfrequency
~m/2.

If we start with a 1-D filter that is optimal in the Chebyshev sense (i.e., [, optimal
in the magnitude response), then it has been shown [5] that the preceding 1 x 1 order
transformation preserves optimality in this sense for the 2-D filter if the passband and
stopband contours of the desired filter are isopotentials of the transformation.

The following examples show the transformation of 1-D optimal Chebyshev
lowpass filters into 2-D filters via this method.

|
Example 5.1-3: 9 x 9 Lowpass Filter

We start with the design of a nine-tap (eighth-order) FIR lowpass filter with passband edge
fp =0.166 (w, = 0.3327) and stopband edge f; = 0.333 (w; = 0.6667), using the Remez
(also called Parks-McClellan) algorithm. The result is a passband ripple of § =0.05 and
a stopband attenuation ATT = 30dB, and the resulting linear and logarithmic magnitude
frequency response shown in Figure 5.1-11. When this 9-tap filter is transformed with the
nearly circular 1 x 1-order McClellan transform, we obtain the 2-D amplitude response
shown in Figure 5.1-12, where the zero frequency point f =0 (0 = 0) is in the middle of
this 3-D perspective plot.

We note that this design has resulted in a very good approximation of circular sym-
metry, as we expect from the contour plot of Figure 5.1-10 for the transformation used.
For this particular transformation, at w, =0, we get cosw = coswi, so that the passband
and stopband edges are located at the same frequencies, on the axes at least, as those
of the 1-D prototype filter (i.e., f, =0.166 (w, =0.3327) and f; = 0.333 (ws; = 0.6667),
respectively).
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Plot of a 9 x 9 FIR filter designed as a 2-D transform of a nine-tap lowpass filter.
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L
Example 5.1-4: Application of Transform Lowpass Filter

In this example, we design and apply a transformation-designed lowpass filter to a dig-
ital image by use of MATLAB functions. Using the transformation of Example 5.1-3,
we convert a lowpass 1-D filter with passband edge w, =0.0257 and stopband edge
wp =0.257 into an 11 x 11 near-circular symmetric lowpass filter. The resulting 2-D fre-
qguency response is shown in Figure 5.1-13. The input image is shown in Figure 5.1-14,
and the output image is shown in Figure 5.1-15. The difference image (biased up by
4128 for display on [0, 255]) is shown in Figure 5.1-16.

157

-

Magnitude

0 0.5

Fre, ‘ -
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FIGURE 5.1-13
A lowpass filter for image filtering. Note: MATLAB defines frequency f = w /.

FIGURE 5.1-14

Lena 512 x 512 input image.
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FIGURE 5.1-15
Output of lowpass filter in Example 5.1-4.

FIGURE 5.1-16
Corresponding difference image (biased for display by +128).

The corresponding MATLAB .m file MacDesFiTt.mis given at the book’s Web site.
There you can experiment with changing the passband, filter type, image, etc. (Note this
routine requires MATLAB with the image processing toolbox.) Similarly, using an approx-
imately circular highpass filter, we can get the output shown in Figure 5.1-17, where we
note the similarity to Figure 5.1-16.
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FIGURE 5.1-17
Output of McClellan transformed near circular highpass filter. -

Projection Onto Convex Sets

The method of projection onto convex sets (POCS) is quite general and has been
applied to several image processing optimization problems [6]. Here, we follow an
application to 2-D FIR filter design due to Abo-Taleb and Fahmy [7]. Using an
assumed symmetry in the ideal function and the desired FIR filter, we rewrite the
filter response in terms of a set of frequency domain basis functions as

M
H(w1,00) =Y _a(¢r(wr,w),

k=1

where the filter coefficients h(n1,n;) can be simply expressed in terms of the a(k),
using built-in symmetries assumed for 4. Next, we densely and uniformly discretize
the basic frequency cell with N2 points as x; = (w"l,wé), fori=1,...,N%. Then we
can express the filter response at grid point x; as

Hx) =<a,$x;) >,

where a is a column vector of the a(k) and ¢ is a vector of the ¢, each of dimension
M, and < -,- > denotes the conventional inner product. The frequency domain error
at the point x; then becomes

ex;) =1(x))— <a,p(x;) >.
We can then write the approximation problem as

Ux)— <a,p(x;))>| <8 foralli=1,...,N°.
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To apply the POCS method, we must first observe that the sets
Qi = a:I(x)— <a,¢p(x;) > <8}

are convex? and closed. We note that we want to find a vector a that is contained in
the set intersection

2

if such a point exists. In that case, the POCS algorithm is guaranteed to converge to
such a point(s) [7]. Note that the existence of a solution will depend on the tolerance
3, and that we do not know how small the tolerance should be. What this means in
practice is that a sequence of problems will have to be solved for a decreasing set of
48’s until the algorithm fails to converge, at which time the last viable solution is taken
as the result. Of course, one could also specify a needed value § and then increase the
filter order, in terms of M, until a solution is obtained. The basic POCS algorithm can
be given as follows.

Basic POCS Algorithm

1. Scan through the frequency grid points x; to find the frequency x,, of maximum
error e(xp) = ep.

2. If e, <4, stop.

3. Else, update the coefficient vector as the orthogonal projection onto Q, [6, 7],

w1 _ | @ = 6= leDdt,) 5ty ife, > 5,

a’, else.

a

4. Return to step 1.

The key step of this algorithm is step 3, which performs an orthogonal projec-
tion of the M-dimensional filter coefficient vector a” onto the constraint set Q). As
the algorithm progresses, the solution point @ may move into and out of any given
set many times, but is guaranteed to converge finally to a point in the intersection
of all the constraint sets, if such a point exists. An illustrative diagram of POCS
convergence is shown in Figure 5.1-18.

The references [6, 7] contain several examples of filters designed by this method.
The obtained filters appear to be quite close to the Chebyshev optimal linear phase
FIR designs of Harris and Mersereau [8], which are not covered here. The POCS
designs appear to have a significant computational advantage, particularly for larger
filter supports.

ZA convex set Q is one for which, if points p, and p, are in the set, then so must be
p=ap;+ (1 —a)p, forall0 <o <1.
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Pa

FIGURE 5.1-18

An illustration of the convergence based on orthogonal projection onto two convex sets.

lIR FILTER DESIGN

In this section, we first look at conventional 2-D recursive filter design. This is fol-
lowed by a discussion of a generalization called fully recursive filters, which offers
the potential of even better performance.

2-D Recursive Filter Design

The Z-transform system function of a spatial IIR or recursive filter is given as
B(z1,22)

A(z1,22)°

where both B and A are polynomial® functions of z;,z>, which in the spatial domain
yields the computational procedure, assuming apo = 1,

H(z1,22) =

yom) == > akxym —kin—k)
(k1:k2)€Ra—(0,0)

+ Z bk, kyx(ny —ki,n2 — k),
(k1,k2)ERp

where the coefficient support regions of the denominator and numerator are denoted
as R, and Ry, respectively. Here, we consider a so-called direct form or unfactored
design, but factored designs are possible, and even preferable for implementation in
finite word-length arithmetic, as would be expected from the 1-D case. However, as

3Strictly speaking, the “polynomial” may include both positive and negative powers of the z;, but we
do not make the distinction here. We call both polynomials, if they are just finite order.
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we have seen earlier, various factored forms will not be equivalent due to the lack of
a finiteorder factorization theorem in two and higher dimensions.

Typical Design Criteria

The choice of error criteria is important and related to the expected use of the filter. In
addition to the choice of either spatial-domain or frequency-domain error criteria, or
a combination of both, there is the choice of error norm. The following error criteria
are often used:

* Space-domain design: Often a least-squares design criteria is chosen,
lAr(n1,n2) — h(ni,n2)ll,

via use of the so-called [ error norm

I£1l, £ / D IR m).

*  Magnitude-only approximation:

[1H;| (w1, w2) — [H|(w1,@2)]],

where |Hj| denotes an ideal magnitude function and |H| is the magnitude of the
filter being designed. The most common choice for the norm ||-|| is the so-called
L? norm

+ 4+

1Pl 2 / / I (@1, 02)der do.

- =7

Magnitude-only design is generally a carryover from 1-D filter design where the
common [IR design methods are based on transforming an analog filter via the
bilinear transform. These methods lead to very good filter magnitude response,
but with little control over the phase. For single channel audio systems, these
filter phase distortions can be unimportant. For image processing, though, where
2-D filters see a big application, phase is very important. So a magnitude-only
design of an image processing filter probably will not be adequate.
» Zero-phase design:

)

Hi(w1,02) — |H*(01,w2)
| |

where the ideal function Hj is assumed to be real valued and nonnegative, often
the case in image processing. The filter is then realized by two passes. In the first
pass, the image data is filtered by h(n1,n5) in its stable direction, generally from
left-to-right and then top-to-bottom, the so-called raster scan of image processing.
The output data from this step is then filtered by h*(—n1, —ny) in its stable direc-
tion, from right-to-left and bottom-to-top. The overall realized frequency response
is then |H |2(a)1,w2), which is guaranteed zero-phase. Note that this method only
yields non-negative frequency responses.
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*  Magnitude and phase (delay) design:
IH(w1,02) — H(w1,w2)l
or
I1H1 (w1, @2) — [H|(@1,02) | + A larg H (w1, w2) — arg H(w1, w2) ||,

where the Lagrange parameter A controls the weight given to phase error ver-
sus magnitude error. A particular choice of A will give a prescribed amount of
phase error. This critical value of A, though, will usually only be approximately
determined after a series of designs for a range of A values.

Space-Domain Design

We look at two methods, first the design method called Padé approximation, which
gives exact impulse response values but over a usually small range of points. Then
we look at least-squares extensions, which minimize a modified error.

Padé Approximation
This simple method carries over from the 1-D case. Let
e(ni,n2) = hy(ni,n2) — h(ny,n2).

The squared /> norm then becomes

lel3 =" e*(n1.n)
2 f(a.b),

a nonlinear function of the denominator and numerator coefficient vectors a and b,
respectively. The Padé approximation method gives a linear closed-form solution that
achieves zero-impulse response error over a certain support region, whose number of
points equals dim(a) + dim(b).

Let x = § so that y = h; then

hnmm)=— Y alki,k)h(n —ki,ny — k) +bin,n2)
(k1,k2)>(0,0)
# hy(n1,n2),

where we have assumed that coefficient a(0,0) = 1 without loss of generality. The
error function then becomes

e(ni,m) =hi(mi,m)+ Y alki,k)h(n —ki,n — ko) + b(n, m),
(k1.k2)>(0,0)

which is nonlinear in the parameters a and b through the function 4. To avoid the
nonlinearities, we now define the modified error:

em(n1,n) = hy(ny,no) + Z a(ky,ko)hi(ny — ki,n2 — ko) — b(ny,ny)
(k1,k2)>(0,0)
= a(ny,np) * hy(ny,nz) — b(ny,ny). (5.2-1)
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Comparison of these two equations reveals that we have substituted /; for & inside
the convolution with a, which may be reasonable given a presumed smoothing
effect from coefficient sequence a. To this extent we can hope that ey & e. Note
in particular, though, that the modified error ey is linear in the coefficient vectors
a and b.

If dim(a) = p and dim(b) = g + 1, then there are N = p + g+ 1 unknowns. We
can then set ey =0 on Rp,gs = {a connected N point region}. We have to choose
the region so that the filter masks slide over the set, rather than bringing new points
(pixels) into the equations. A simple example suffices to illustrate this linear FIR
design method.

|
Example 5.2-1: Padé Approximation
Consider the 1- x 1-order system function

boo + b0122_1

1 +a1ozf1 -I—ang1

H(z1,22) =

where we have p=2 and g+ 1 =2, equivalent to N =4 unknowns. We look for a first
quadrant support for the impulse response h and set Rp,4: = {(0,0), (1,0),(0,1),(1,1)}.
Setting e = 0, we have the following recursion:

hi(ny,n2) = —ayohi(ny — 1,n2) — ap1hy(n1,n2 — 1) + bood(n1,n2) + bo18(ny,n2 — 1).

Assuming zero initial (boundary) conditions, we evaluate this equation on the given region
R paqe to obtain the four equations,

h1(0,0) = boo,

hi(1,0) = —ai0hi(0,0),

h1(0,1) = —ap1h1(0,0) + box,
hi(1,1) = —ai0hi(0,1) — ao1hi(1,0),

which can be easily solved for the four coefficient unknowns. ||

We have not yet mentioned that the filter resulting from Padé approximation may
not be stable! Unfortunately, this is so. Still if it is stable, and if the region is taken
large enough, good approximations can result. If the ideal impulse response is stable
(i.e., hy € ll), then the Padé approximate filter should also be stable, again if the
region is taken large enough. We also note that, because of the shape of the Padé
region Rp,qs, effectively honoring the output mask of the filter, that ey = e there,
and so the obtained impulse response values are exact on that region. Thus, the key
is to include in the region Rp,4s all the “significant values” of the ideal impulse
response. Of course, this is not always easy and can lead to rather large filter orders.
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We next turn to an extension of Padé approximation called Prony’s method, which
minimizes the /> spatial domain modified error over (in theory) its entire support
region, rather than just setting it to zero over the small region Rp, ;.

Prony’s Method (Shank’s)
This is a linear least-squares method, which minimizes the modified error (5.2-1),
but again ignores stability. We write

Em=)_ey(ni.nm)
= Ze,zu(n],nz) + Zezzu(m,nz)
Ry RS

A
= MRy + EMRs

making the obvious definitions, and note that the second error term will be indepen-
dent of coefficient vector b. This because on RZ we can write

em(n1,m2) = a(ny,nz) * hy(ni,nz)
=f(a),

so we can perform linear least squares to minimize 5M7zg over a. Again, we empha-
size that we cannot just choose a =0 to make the modified error ey = 0, since
we have the constraint a(0,0) = 1 such that a(0,0) is not an element in the design
vector a.

Considering the practical case where there are a finite number of points to con-
sider, we can order the values ejs(ny,n;) on RZ onto a vector, say ey, and then

minimize e,{,,eM over the choice of denominator coefficient vector a. A typical term
in e/{,,eM would look like

e3;(n1,m2) = [hy(n1,n2) +a(1,0)hr(ny — 1,n2) +a(0, \hy(ny,ny — 1) +---1

since a(0,0) = 1. Thus taking partials with respect to the a(ky,k>), we obtain

d(epren)/dalky kr) =2 Z hi(ny — ki,n2 — kp) | hy(ny,n2) +a(1,0)h;(ny — 1,n)

ny,ny

+a(0,Dhy(ny,np — 1)+ ---

=2 hi(n —ki,ny —ka) | hi(ni,na)

ny,ny

+ Y alli )b —li,m — 1) |,
Ll
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and setting these partial derivatives to zero, we obtain the so-called normal equations
> Ritki = li,ky — b)a(ly,l) = —Ry(ky,ky) for (ki,k2) € suppla),  (5.2-2)
N
with the definition of the “correlation terms”
Ri(ki ko) £ ) " hy(ny — ki,ny — kp)hy(ny,no).
ni,nz

Finally, (5.2-2) can be put into matrix-vector form and solved for the denominator
coefficient vector a in the case when the matrix corresponding to the “correlation
function” is nonnegative definite, fortunately most of the time. Turning now to the
first error term &y, R, , We can write

ep(ny,n2) =a(ng,ny) * hy(ny,ng) —b(ni,ny) (5.2-3)
=0,

upon setting b(ny,ny) = a(ny,ny) * hy(ny,n2), using a(0,0) = 1 and the values of a
obtained in the least-squares solution. We then obtain £y %, =0, and hence have
achieved a minimum for the total modified error &y,.

|
Example 5.2-2: 1 x 1-order Case

Consider the design problem with a 1 x 1-order denominator with variable coefficients
{a(1,0),a(0,1),a(1,1)} and a numerator consisting of coefficients {5(0,0),5(1,0)}. Then set
Rj = {n1 = 2,m =0} U {n > 0,n > 0} for a designed first quadrant support. The comple-
mentary region is then R, = {(0,0),(1,0)}. For a given ideal impulse response, with sup
p{hs} = {n1 = 0,np > 0}, we next compute Ry(ki,kz) for (ki,k2) € Rj,. Then we can write
the normal equations as

R;(0,0)a(1,0) +R;(1,—1)a(0,1) + R;(0,—1)a(1,1) = —R;(1,0),
Ri(—1,1)a(1,0) + R;(0,0)a(0,1) + R;(—1,0)a(1,1) = —R;(0, 1),
R;(0,1)a(1,0) + R;(1,0)a(0,1) + R;(0,0)a(1,1) = —R;(1,1),
which can be put into matrix form
Ria = —r;

and solved for vector a = [a(1,0),a(0, 1), a(1,1)1”. Finally, we go back to (5.2-3) and solve
for (0,0) and b(1,0) as b(ny,nz) = a(ny,na) * hy(n1,nz) for (ny,n2) = (0,0) and (1,0). W

As mentioned previously, there is no constraint of filter stability here. The result-
ing filter may be stable or it may not. Fortunately, the method has been found useful
in practice, depending on the stability of the ideal impulse response /; that is being
approximated. More on Prony’s method, and an iterative improvement method, is
contained in Lim [5].
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Fully Recursive Filter Design

The Z-transform system function of a fully recursive filter (FRF) is given as
B(z1,22)

Az1,22)°

where both B and A are rational functions of z; and polynomial functions of z;. The
2-D difference equation is given by

H(z1,22) =

400 Lp +o00 Ly
Y Y atkik)ym —kim—k) =Y > blkiko)x(n —ki,ny — k),
kj=—00ky=0 kj=—00ky=0

which can be expressed in row-operator form as

Lp Ly
ao(n1) s yuy (11) = = > aty (k1) % Yny—ty (M) + Y bty (k1) s Xny—ty (1), (5.2-4)
ky=1 ko=0

where the 1-D coefficient row sequences are given as
aop(m) £ a(n1,0),  bo(n1) = b(ny,0),
any (n1) = a(ny,m), by, (n1) = b(ny,my),

and the convolution symbol * indicates the 1-D operation on each row, whether input
or output. Also the input and output row sequences are defined as

Y, (n1) £ y(ni,nz)  and Xy, (1) = x(ny,no).

If the coefficient row sequences are 1-D FIR, then we have a conventional 2-D
recursive filter, but here we consider the possibility that they may be of infinite
support. Note that even 2-D FIR filters are included in the FRF class, by setting
ap(ny) = 8(ny), other a,,(n1) =0, and by, (n1) = b(n1,n2) = FIR. Upon taking the
2-D Z-transform of (5.2—4), we obtain

Lp Ly
—k —k
Ao@D)Y(@122) == Y AL @)Y(@1.2)5 2 + Y Bl @DX (21,2202 .
ko=1 k2 =0

Now we introduce the following rational forms for the 1-D coefficient Z-transforms
Ay, and By,,

N, (z1)
Dy, (z1)

N,’jz (z1)
D} (1)

Ak2 (Zl) =

and By, (z1) =

where the numerator and denominators are finiteorder polynomials in zj. They thus
constitute rational row operators that can be implemented via recursive filters sepa-
rately processing the present and most recent Ly input rows and Lp previous output
rows. The row coefficients a,, (n1) and b,, (n1) are then just the impulse responses
of these 1-D row operators. The row operator on the current output row Ag can then
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be implemented via inverse filtering, after completion of the sums indicated on the
righthand side of (5.2—4).
The overall FRF system function can then be written as

b
ZLN Nk’z(zl)z—kz
k=0 DZZ(ZI) 2

H(zy,22) =

ZLD Nl?z(zl)szz.
ky=0 Dzz(zl) 2

We pause now for an example.

|
Example 5.2-3: First-Order FRF with Nonsymmetric Half-Plane Impulse
Response Support

Let Ly =1 and Lp = 1. Take the feedback row operators Ag and A; with the following
system functions

1408z 2+
ST and A1(z1) =038 ‘1

Ao(z1) = 1 — 1
1 +0'9ZI 1 +0‘621

with ROC containing {|z1] < 1} and input row operators By and B; with system functions

1+
Bo(zl)=771 and Bl(Z1)=0.7771,
1407 1+0.82

also with ROC containing {|z1| < 1}. Then the overall FRF system function is

Bo(z1) + B1(z1)z, !

H(z1,22) = |
Ao(z1) +A1(z1)z,
14z, ! 4
140.7z7! T2
_ 7z, 1+0.87
140877 | 247! Zil'
1409z, 140,67, 172

Observations

1. Each 1-D row operator can be factored into poles inside and poles outside the
unit circle and then split into @& and & components, where the & component
is recursively stable as a right-sided (causal) sequence and the © component is
recursively stable as a left-sided (anticausal) sequence.

2. If the inverses A, l(zl) and By ! (z1) are stable and right-sided, then we get non-
symmetric half-plane (NSHP) support for the overall FRF impulse response. We
get symmetric half-plane (SHP) response support as shown in Figure 5.2—1 when
Ay "and By ! are stable and two-sided.

3. Itis important to note, in either case, that the impulse responses are not restricted
to wedge support as would be the case for a conventional NSHP recursive filter.

175
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FIGURE 5.2-1

[llustration of FRF support options. Note that FRF impulse response support extends to the
complete SHP or NSHP region.

The stability of FRF filters is addressed in [9]. The following filter design example
uses a numerical measure of stability as an additional design constraint, thus ensuring
that the designed filter satisfies a numerical version of the FRF stability test [9]. The
example concerns an FRF design for the ideal 2-D Wiener filter, an optimal linear fil-
ter for use in estimating signals in noise, which will be derived and used in Chapter 8
on image processing.

|
Example 5.2-4: SHP Wiener Filter Design

Using the Levenberg-Marquardt optimization method, the following SHP Wiener filter was
designed in [9]. This FRF used 65 coefficients, approximately equally spread over the
numerator and denominator and involving five input and output rows. Figures 5.2-2 and
5.2-3 show the ideal and designed magnitude response, and Figures 5.2-4 and 5.2-5
show the respective phase responses.

We see that all the main features of the ideal magnitude and phase response of the
Wiener filter are achieved by the fully recursive design. This is because the FRF impulse
response is not constrained to have support on a wedge of the general causal half-space
like the conventional NSHP recursive filter. The measured magnitude MSE was 0.0028
and the phase MSE was 0.042. As seen in [9], the conventional recursive NSHP filter was
not able to achieve this high degree of approximation. (See Chapter 8 for more on 2-D
Wiener filters and their applications).

FIGURE 5.2-2
Ideal SHP Wiener filter magnitude (origin in middle).
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FIGURE 5.2-3
SHP Wiener FRF magnitude (origin in middle).

FIGURE 5.2-4
Ideal SHP Wiener phase response (origin in middle).

FIGURE 5.2-5
SHP Wiener FRF phase response (origin in middle). [ ]

5.3 SUBBAND/WAVELET FILTER DESIGN

Most spatial subband/wavelet or SWT filter design uses the separable product
approach. Here, we just discuss some 1-D design methods for the component filters as
shown in Figure 5.3—1. Johnston [10] designed pairs of even-length quadrature mirror
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> ho(n) | 2l Pre------ » 2T >  go(n)
x(n) X(n)
— >
> hyn) | 2l PP------= > 2T > oi(n)
FIGURE 5.3-1

1-D diagram of analysis/synthesis SWT/ISWT system.

filters (QMF) with linear phase using a computational optimization method. Aliasing
was canceled out via the method of Esteban and Galand [11], which makes the
synthesis choice Go(w) £ Hi(w—m) and G| (w) £ —Ho(w — 1), and the lowpass—
highpass property of the analysis filterbank was assured via Hj(w) = Ho(w — 7).
Thus the design can concentrate on the transfer function

1
T(@ 23 [Hg(a)) — H3 (o — 7'[)].

In the perfect reconstruction case, T'(w) = 1, and so X(n) = x(n). In the case of John-
ston QMFs, perfect reconstruction is not possible, but we can achieve a very good
approximation X(n) 2~ x(n), as will be seen here. For a given stopband spec w; and
energy tolerance €, Johnston seeks to minimize

/2 14

f T (w)] — 1% dow subject to constraint / |H0(a))|2da) <e,

0

Wy

using the Hooke and Jeeves nonlinear optimization algorithm [12]. His design algo-
rithm took advantage of linear phase by working with the real-valued quantity Hy
defined by the relation

Ho(w) £ 7N "D Hy(w).
He used a dense frequency grid to approximate the integrals and used the Lagrangian

method to bring in the stopband constraint, resulting in minimization of total error
function E:

E2£E, +\E,,
with
/2 5
E22) [Hoz(a),-) S Hy (o — ) — 1] , (5.3-1)
w;=0.

I
I3

N 2
> Hy' (o))
=wyg
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He thus generated a family of even-length, linear-phase FIR filters parameterized
by their length N, stopband wy, and stopband tolerance €. Results were reported in
terms of transition bandwidth, passband ripple, and stopband attenuation. Johnston
originally designed his filters for audio compression. Note that since we trade off E,
versus Eg, we do not get perfect reconstruction with these QMF designs; still, the
approximation in the total transfer function 7T'(w) can be very accurate, i.e., within
0.02 dB, which is quite accurate enough so that errors are not visible in typical image
processing displays.

Note that design equation (5.3-1) is only consistent with T(w) = 1/2, so an
overall multiplication by 2 would be necessary when using these Johnston filters.

|
Example 5.3-1: Johnston’s Filter 16C

Here, we look at the step response and frequency response of a 16-tap QMF designed by
Johnston [10] using the Hooke and Jeeves nonlinear optimization method. For the 16C
filter, the value of A =2 achieved stopband attenuation of 30 dB. The transition band-
width was 0.10 radians and the achieved overall transmission was flat to within 0.07 dB.
Another similar filter, the 16B, achieved 0.02 dB transmission flatness. The step response
in Figure 5.3-2 shows about a 5-10% amount of overshoot or ringing.

12 T T T T T T T T T

1+

0.8 4

0.6 - .

041 .

Step response

0.2 4

0 .

-0.2

0O 10 20 30 40 50 60 70 80 90 100
Sample

FIGURE 5.3-2

Step response of Johnston 16C linear-phase QMF.

The frequency response in Figure 5.3-3 shows good lowpass and highpass analysis
characteristics. [ |

Other filters, due to Simoncelli and Adelson [13], were designed using a similar
optimization approach, but using a min—max or /°° norm and incorporating a modified
1/|w| weighting function with bias toward low frequency to better match the human
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0 0.5 1 1.5 2 25 3 35

Frequency

FIGURE 5.3-3
Magnitude frequency response of Johnston 16C filter.

visual system. Their designed filters are useful for both odd and even lengths N due
to their use of the alternative QMF condition (4.4-10) and reconstruction equations
(4.4-9) in Chapter 4. Notable is their 9-tap filter, which performs quite well in image
coding.

Wavelet (Biorthogonal) Filter Design Method

The 1-D subband filter pairs designed by wavelet analysis generally relate to what
is called maximally flat design in signal processing literature [14], and the filters
are then used for separable 2-D subband analysis and synthesis as discussed pre-
viously. The term biorthogonal is used in the wavelet literature to denote the case
where the analysis filter set {hg,h;} is different from the synthesis filter set {go,g1}.
Generally the extra freedom in the design of biorthogonal filters results in a more
accurate design for the lowpass filters combined with perfect reconstruction. On the
other hand, departures from orthogonality generally have a negative effect on cod-
ing efficiency. So the best biorthogonal wavelet filters for image coding are usually
nearly orthogonal.

Rewriting the perfect reconstruction SWT equations from Section 4.4 of
Chapter 4 in terms of Z-transforms, we have the transfer function

Ho(2)Go(2) + H1(2)G1(2) =2, (5.3-2)
given the aliasing cancellation condition
Hy(—2)Go(z) + H1(—2)G1(z) = 0. (5.3-3)

In the papers by Antonini et al. [15] and Cohen et al. [16] on biorthogonal
subband/wavelet filter design, a perfect reconstruction solution is sought under the
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constraint that the analysis and synthesis lowpass filters / and go be symmetric and
FIR—that is, linear phase with phase zero. They cancel out aliasing (5.3-3) via the
choices [17]

Hi(z) =2Go(—z) and Gi(z) =z 'Ho(—2). (5.3-4)
The transfer function (5.3-2) then becomes
Ho(2)Go(2) + Ho(—2)Go(—2) =2,

which when evaluated on the unit circle z = e/ gives the overall system frequency
response

Ho(w)Go(w) + Ho(w — m)Go(w — 1) =2, (5.3-5)

owing to the use of real and symmetric lowpass filters /g and gg.

It now remains to design /g and gg to achieve this perfect reconstruction (5.3-2)
or (5.3-5). For this they use a spectral factorization method and introduce a pre-
scribed parameterized form for the product Hy(w)Go(w) that is known to satisfy
(5.3-5) exactly. Since it is desired that both the analysis and reconstruction filters
have a high degree of flatness, calling for zeros of the derivative at w = 0 and 7, the
following equation for the product HyG( was proposed in [16]:

L—1
Ho(w)Go(w) = cosK(w/2) Z( L= ; tp >sin2”(w/2) , (5.3-6)
p=0

where cos(w/2) provides zeros at w = m and the terms sin(w/2) provide zeros at
o = 0. Then actual filter solutions can be obtained with varying degrees of spectral
flatness and various lowpass characteristics, all guaranteed to give perfect reconstruc-
tion, by factoring the function on the right-hand side of (5.3-6) for various choices
of K and L.

The polynomial on the right-hand side of (5.3-6), call it [Mo(w)|?, is half of a
power complementary pair defined by the relation

IMo(@)]? + [Mo(w — m)|* =2,

which had been considered earlier by Smith and Barnwell [18] for the design of per-
fect reconstruction orthogonal subband/wavelet filters. A particularly nice treatment
of this wavelet design method is presented in Taubman and Marcellin [19].

L
Example 5.3-2: The 9/7 Cohen-Daubechies-Feauveau (CDF) Filter

In [15], the authors consider several example solutions. The one that works the best in
their image coding example corresponds to factors Hy and Gy in (5.3-6) that make hg
and go have nearly equal lengths. A solution corresponding to K =4 and L =4 resulted
in the following 9-tap/7-tap (or simply 9/7) filter pair:
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n 0 +1 +2 +3 +4

2" 12pg(m) 0.602949 0.266864 —0.078223 —0.016864 0.026749
2-1260(n) 0557543 0.295636 —0.028772 —0.045636 0.0

Figure 5.3—4 shows the lowpass and highpass analysis system frequency response
plotted from a 512-point FFT. The corresponding analysis lowpass filter step response
is shown in Figure 5.3-5. The synthesis lowpass filter step response is given in
Figure 5.3—6. This synthesis step response seems quite similar to that of the Johnston
filter in Figure 5.3-2, with perhaps a bit less ringing.

This filter pair has become the most widely used method of SWT analysis and
synthesis (ISWT) and is chosen as the default filter for the ISO standard JPEG 2000
[17,19]. It is regarded for its generally high coding performance and reduced amount
of ringing when the upper subband is lost for coding reasons such as quantizing
coefficients to 0. This filter set is generally denoted as “CDF 9/7,” for the authors in
[16], or often as just “Daubechies 9/7.”

In comparing the QMFs with the wavelet-designed filters, note that the main dif-
ference is that the QMFs have a better passband response with a sharper cutoff, which
can reduce aliasing error in the lowpass band. The wavelet-designed filters tend to
have poorer passband response but less ringing in the synthesis filter step response,
and hence less visual artifacts under strong coefficient quantization.
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FIGURE 5.34
Frequency response of CDF 9/7 analysis filters (512 pt. DFT).
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FIGURE 5.3-5
Step response of CDF 9/7 analysis lowpass filter.
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FIGURE 5.3-6
The step response of CDF 9/7 synthesis lowpass filter.
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L
Example 5.3-3: Anti-alias Filtering

Here, we take a 4CIF (704 x 576) monochrome image and subsample it to CIF (352 x 288)
using two different anti-alias filters. On the left in Figure 5.3-7 is the result using the
CDF 9/7 subband/wavelet filter. The image on the right was obtained using the MPEG4-
recommended lowpass filter prior to the decimator. The MPEG4 lowpass recommendation
has the form

n 0 +1 +2 +3 +4 +5 £6
64h(n) 24 19 5 -3 -4 0 2

i | .‘ ||

rc. filtéred

(a) CDF 9/7 filtered (b) MPEG4
FIGURE 5.3-7
An illustration of using two different anit-alias filters for downsampling.

We can see that the image on the right in Figure 5.3-7 is softer, but also that the one
on the left has significant spatial frequency aliasing that shows up on the faces of some of
the buildings. It should be noted that this image frame from the MPEG test video City has
an unusual amount of high-frequency data. Most 4CIF images would not alias this badly
with the CDF 9/7 lowpass filter. ||

CONCLUSIONS

In this chapter we introduced 2-D and spatial filter design. We studied FIR filters with
emphasis on the window design method but also considered the 1-D to 2-D transfor-
mation method and the application of the POCS method to spatial filter design. In
the case of IIR or recursive filters, we studied some simple spatial-domain design
methods and then briefly overviewed computer-aided design of spatial IIR filters.
We introduced FRFs and their design, and saw an example of using an FRF filter
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to give a good approximation to the frequency response of an ideal spatial Wiener
filter (to be presented in Chapter 8). Finally, we discussed the design problem for
subband/wavelet filters as used in a separable SWT.

PROBLEMS

1. A real-valued filter h(ny,ny) has support on [—L,+L] x [-L,+L] and has a
Fourier transform H(w1,w>) that is real valued also. What kind of symmetry
must £ have in the n1,n, plane?

2. Let the real-valued impulse response have quadrantal symmetry:
h(ni,n2) = h(—ni,n2) = h(ni, —n2) = h(—ni, —n2).

What symmetries exist in the Fourier transform? Is it real? How can this be used
to ease the computational complexity of filter design?

3. This problem concerns FIR filter design with the constraint of quadrantal
symmetry on the impulse response:

h(ni,n2) = h(—ni,n2) = h(ni, —nz) = h(—ni, —ny).

Let the support of this FIR filter & be given as [—M,+M]>.
(a) Show that the corresponding frequency response has the following sym-
metry:

H(wi,w2) = H(—w1,w2) = H(+w,—w;) = H(—w,—w3),

and hence the frequency-domain error need only be evaluated in the first
quadrant of [—7,4+7]%. (Assume that the ideal frequency response function
Hj(w1,w2) has quadrantal symmetry too.)

(b) Determine a set of design variables ay, x, and basis functions Dy e (@1, 02)
to efficiently express the frequency response

H(wy,w2) = Z Ay Jy Py oy (@1, @2),
(ki k2)eR

where R = [0,M]?. The ax, k, should be expressed in terms of the h(ky,k2),
and the ¢ ki ko should be expressed in terms of the coswik| and coswzk;.

4. A certain ideal lowpass filter with cutoff frequency w.= 7% has impulse

response
1 T ) 2
hd("l,n2)=—211 5‘/n1+n2 )

2
nj +n2

(a) What is the passband gain of this filter? <Hint: lim J‘)EX) = %)
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(b) We want to design an N x N-point, linear phase, FIR filter 2(n,n,) with first
quadrant support using the ideal function hy(n1,n;) given above. We choose
a separable 2-D Kaiser window with parameter 8 = 2. The continuous-time
1-D Kaiser window is given as

_ BV =@/DD/(B), |t <,
wu (1) = 0

else.

Write an expression for the filter coefficients of h—i.e., h(ny,ny) :n; =

0,....N—1,n,:=0,...,N—1.

(c) If we use a 512 x 512-point row—column FFT to approximately implement
the preceding designed filter / for a 512- x 512-pixel image,

* First, evaluate the number of complex multiplies used as a function
of M for an M x M image, assuming the component 1-D FFT uses
the Cooley-Tukey approach. (The 1-D Cooley-Tukey FFT algorithm
needs %M log, M complex multiplies when M is a power of 2 approach.)
Specialize your result to M = 512.

*  What portion of the output will be the correct (linear convolution) result?
Specify which pixels will be correct.

5. We want to design an N x N-point, linear phase, FIR filter h(ny,ny) with first
quadrant support using the ideal function h;(n1,n) given as

1]1 <%,/n%+n%>
4 ,/n%%—n%

We choose a separable 2-D Kaiser window with parameter 8 = 2. The continu-
ous time 1-D Kaiser window is given as

W) = {Iomm )o@, il <,
o - 0’

hi(ni,np) =

else.

(a) Write down the equation for the filter coefficients of h—i.e., h(n1,n2) : n; =
0,....N—1,n,=0,...,N—1. Assume N is odd.

(b) Use MATLAB to find the magnitude of the frequency response of the
designed filter. Plot the result for N = 11.

6. Let 0 < w, < 7, and define the 1-D ideal filter response

1 o] < 3w+ ),

0, else, on [=7,+7].

Hi(w) £ {
Then define Hyj(w) £ Wi (w) ® Hy(w), where ® denotes periodic convolution
and where

on [—m,+m], with m > wg > ).

1 < L w.—
Wi(w) £ {gx—wp’ l:(fsle_ (@5 = p),
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Alternative ideal filter response.

Hjj(w) is as shown in Figure 5.P—1.

(a) Find the impulse response Ay (). Note that it is of infinite support.

(b) Define and sketch the 2-D ideal filter response Hjj(wi,w2) £
Hji(w1)Hp (w2) and give an expression for its impulse response Ay (ny,n7).

(c) Find the so-called /> or minimum least-squares error approximation to the
ideal spatial filter you found in part (b), with support [—N, +N]>.

7. Modify the MATLAB program MacDesFilt.m (available at the book’s Web
site) to design a nearly circular highpass filter with stopband edge w; = 0.1 and
wp = 0.3, and apply the filter to the Lena image. (Note: This requires MATLAB
with image processing toolbox.) Is the output what you expected? Try scaling
and shifting the output y to make it fit in the output display window [0,255].
(Hint: The output scaling y=128+2*y works well.)

8. In deriving the McClellan transformation method, we need to find the @’ (n) coef-
ficients in (5.1-2) in terms of the a(n) coefficients in (5.1-1). In this problem,
we work out the case for M = 4.

(@) Use T, (x) for n = 0,4 to evaluate cosnw in terms of powers of cosf @ for
k=0,4.

(b) Substitute these expressions into (5.1-1) and determine a’(n) in terms of
a(n) forn =0,4.

(¢) Solve the equations in part (b) for a (n) in terms of @’ (n).

9. Inthe design by transformation method due to McClellan, assume the 1-D linear-

phase (type I or N odd) FIR filter has coefficients 4(0),k(1),...,A(N — 1).

(a) Express the resulting 2-D filter’s coefficients h(n1,n2) in terms of the a'(n)
derived from the 1-D filter coefficients /(n). Do this for the general trans-
formation F(wi,wy) in terms of parameters A,B,C,D, and E as given in
(5.1-3). In your expression for A(n1,n2), you may use the convolution power
defined as

k2 #(k=1)

L yxx k>1 with x*' £x.

(b) Devise an implementation method that minimizes the number of nontrivial
multiplications assuming that A—FE are negative powers of 2.
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10.

11.

12.

Let the filter 7 with first quadrant impulse response support have system
function

boo
1+ 611021_1 + 00122_1 +anz

H(z1,22) = 1

5 !
(a) Find the coefficients {bgo;ai9,a01,a11} such that the impulse response A
agrees with the four prescribed values:

7(0,0) = 1.0, h(1,0) = 0.8,
h(0,1)=0.7, h(1,1)=0.6.

(b) Determine whether the resulting filter is stable or not. (Hint: Try the root
mapping method.)

In 2-D filter design, we often resort to a general optimization program such as
Fletcher-Powell to perform the design. Such programs often ask for analytic
forms for the partial derivatives of the specified error function with respect to
each of the filter coefficients.
Consider a simple recursive filter with frequency response
a

1 — be i®1 — ce=Jw2’

H(wi,w2) =

where the three filter parameters a, b, and c are real variables.

(a) Find the three partial derivatives of H with respect to each of a,b, and c, for
fixed wi,w>.

(b) Find the corresponding partial derivatives of the conjugate function H*.

(¢) Choose a weighted mean-square error function as

| +m 4+
_ _ 2
&= )2 / / W(w)|l(®) — H(w)| dw,

for given ideal frequency-response function / and positive weighting func-
tion W. Find the partial derivatives d€/da,dE/db, and dE /dc, making use
of your results in parts (a) and (b). (Hint: Rewrite |A|? = AA* first.) Express
your answers in terms of W, I, and H.

Consider a zero-phase or two-pass filter design with NSHP recursive filters
H(w1,02) £ Ho i (@1,02)Ho— (01,02) = [H(w1,02)I%,
where Ho— (w1,w2) £ Hg  (w1,w2). Equivalently, in the spatial domain
h(n1,n2) = het(n1,n2) * he—(n1,n2).

Let the NSHP filter Hgy (w1, ®>) have real coefficients with numerator support
and denominator support as indicated in Figure 5.P-2.
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ny

denominator

FIGURE 5.P-2
Numerator and denominator coefficient support region indicated by open circles.

(a) Find the spatial support of hg4 (n1,n2) assuming that this filter is stable in
the +n1,+ny direction.

(b) State the spatial support of ho_ (11,n2).

(¢) What is the support of i(ny,ns)?

13. Show that the biorthogonal subband/wavelet constraint equation (5.3—4)
achieves alias cancellation in (5.3-3) and that the transfer function (5.3-2)
becomes

Hy(2)Go(2) + Ho(=2)Go(—2) =2,
which when evaluated on the unit circle z = ¢/® becomes
Ho(0)Go(w) + Ho(w — )Go(w — 1) =2,

owing to the use of real and symmetric lowpass filters /g and go.

14. The lifted SWT is defined starting from the lazy SWT, which just separates the
input sequence x into even and odd indexed terms. In the lifted SWT, this is
followed by prediction and update steps as specified by the operators P and U,
respectively, as shown in Figure 5.P-3. The output multipliers «g and 1 may
be needed for proper scaling.

y1(n)

FIGURE 5.P-3
An illustration of the lifted SWT.
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(a) Find the corresponding prediction and update operators for the SWT that
uses the Haar filter set

ho(n) =8(n) +8(n—1),
hi(n) = 8(n) — 8(n—1).

(b) A key property of lifting is that the operators P and U are not constrained at
all. Show the ISWT for the lifted transform in Figure 5.P-3 by starting from
the right-hand side of the figure and first undoing the update step and then
undoing the prediction step. Note that this is possible even for nonlinear
operators P and U.

(¢) Can you do the same for the LeGall-Tabatabai (LGT) 5/3 analysis filter set

1131 1
ho(n) = 73424738

1 1
hi(n) = —5,1,—5 ?

The corresponding synthesis 5/3 filter set is
go(n) = {1 1 1}
27772
1 13 1 1
ao =53]
Here, hg and g¢ are centered on n = 0, while A is centered atn = —1 and g
is centered on n = +1. Reference to [17] and/or [19] may be helpful here.
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CHAPTER

Image Perception
and Sensing

This chapter covers some basics of image processing that are necessary in the
applications in later chapters. We will discuss light, sensors, and the human visual
system. We will talk about spatial and temporal properties of human vision and
present a basic spatiotemporal frequency response of the eye—brain system. This
information, interesting in its own right, will be useful for the design and analysis
of image and video signal processing systems, which produce images and video to be
seen by human observers.

LIGHT AND LUMINANCE

We use the notation p;(x,y,t,A) for incident radiant flux or light intensity (inci-
dent power) as a function of position (x,y) and time ¢ at the spatial wavelength A.
The human visual system (HVS) does not perceive this radiant flux directly. A rel-
ative luminous efficiency v(A) has been defined to relate our perceived luminance
(brightness) to the incoming radiant flux

o0

Iy, = K / pi(x,y.1,2)v(A)dA,
0
where the constant K =685 lumens/watt and the luminance / is expressed in

lumens/square-meter [1]. Suppressing the dependence on space and time, we can
write this equation more simply as

e ¢]

12K f pi)V(A)dA
0
and think of it as defining equivalence classes of radiant intensity functions p;(A)
that all have the same luminance—i.e., all look equally bright to a human observer.

We can think of the relative luminous efficiency v(A) as a kind of a wavelength
filter response of the human eye. As such it would be expected to vary somewhat

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00006-0 1 93
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FIGURE 6.1-1

CIE 1929 relative luminous efficiency (standard observer) curve v(1).

from person to person, but a so-called standard observer was defined in 1929 by the
Commission Internationale de L’eclairage (International Commission on Illumina-
tion), known as the CIE, and is plotted in Figure 6.1-1, thereby defining a standard
luminance with symbol Y.

The question naturally arises as to how such a relative luminous efficiency func-
tion v(A) can be measured. Actually, it was done using a clever brightness matching
experiment where volunteer viewers were shown reference and test images on a split
screen in a narrow viewing angle of 2° and asked to report when they just noticed
a brightness difference between the two nearby spectral pairs [2]. Since the original
experiments, various refinements in the method have yielded modest improvements
in accuracy, principally in the blue or short wavelength area. However, the original
CIE curve is still used as the reference for most photometric work, photometry being
the science of measuring the human visual effect of various light stimuli.

An alternative to this split-screen approach is the flicker method, wherein two
different spectra are presented to the viewer alternately and at an intermediate speed,
and flickering can be seen if the colors are different. The intensities are varied
until the viewer does not perceive the flickering anymore. Another question is how
much variation there is in this standard response between individuals. The answer
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is that there is a modest variation, which has been quantified in the experimental
data plots from which the standard observer curve v(A) was created. However, it has
been found that the standard curve can predict reasonably well how the HVS will
respond.

Note that luminance is a quantity averaged over wavelength! and, as such,
is called a monochrome or gray-level measure of light intensity. Looking at
Figure 6.1-1, normalized to 1, we see that the response of human vision peaks around
555 nanometers (nm), which is green light, and has a range of about 420 to 670 nm,
with 450 nm called blue and 650 nm called red. The low end of visibility is violet,
and the range below the visible is called ultraviolet. At the high end we have red
light, and beyond this end of the visible region is called infrared.

We can also define similar response functions for various sensors; suppressing the
spatiotemporal dependency on x,y,?, we have

oo

12K / piM)sgw (V)dA,
0

where spw is the black—white (gray-level) sensitivity of the imaging device. Exam-
ples of image sensors are charge-coupled devices (CCD), various types of image
pickup tubes, and coupled metal-oxide semiconductor (CMOS) image sensors. By
inserting optical filters (wavelength filters) in front of these devices, we can get differ-
ent responses from various color regions or channels. It is common in today’s cameras
to employ optical filters to create three color channels—red, green, and blue—to
match what is known about the color perception of the HVS (i.e., the human eye—
brain system). Analogous spectral response functions are used to characterize image
displays. We will return to color later in this chapter.

STILL IMAGE VISUAL PROPERTIES

Here, we look at several visual phenomena that are important in image and video
perception. First, Weber’s law defines contrast and introduces the concept of just-
noticeable difference (JND). We then present the contrast sensitivity function, also
called the visual magnitude transfer function (MTF), as effectively the human visual
frequency response. We then introduce the concept of spatial adaptation of contrast
sensitivity.

"Wavelength and spatial frequency: Tmage and video sensors record energy (power x time) on a scale
of micrometers or more (for typical 1- to 5-cm sensor chip) and so are not sensitive to the oscillations
of the electromagnetic field at the nanometer level. Our spatial frequency is a variation of this average
power on the larger scale. So there is no interaction between the wavelength of the light and the spatial
frequency of the image, at least for present-day sensors.



196 CHAPTER 6 Image Perception and Sensing

Weber’s Law

Psychovisual researchers early on found that the eye—brain response to a uniform
step in intensity is not the same over the full range of human perception. In fact, they
found that the just-noticeable percent is nearly constant over a wide range. This is
known now as Weber’s law. Writing 7 for the incident intensity (or luminance) and
A I for the just-noticeable change, we have

AT
T ] constant,

with the constant value in the range [.01,.03], and this value holds constant for at
least three decades in log/, as sketched in Figure 6.2—1. We note that Weber’s law
says we are more sensitive to light intensity changes in low light levels than in strong
ones.

A new quantity called contrast was then defined via

Al
AC=—,
1

which in the limit of small A becomes the differential equation dC/dI =1 —1 which
integrates to

C =In(I/lp). (6.2-1)

Sometimes we refer to signals / as being in the intensity domain, and the nonlinearly
transformed signals C as being in the contrast or density domain, the latter name
coming from a connection with photographic film, whose optical density possesses a
similar nonlinearity in response to light intensity (see Film in Section 6.6). We note
that the contrast domain is most likely the better choice for quantizing a value with
uniform step size. This view should be tempered with an understanding of how the
psychovisual data were taken to verify Weber’s law.

A

A

FIGURE 6.2-1
Average just-resolvable intensity difference versus background intensity.
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With reference to Figure 6.2-2, human subjects were presented with a disk of
incremented intensity / + A [ in a uniform background of intensity / and were asked
if they could notice the presence of the disk or not. These results were then aver-
aged over many observers, whereby the threshold effect seen in Weber’s law was
found. The actual JND threshold is typically set at the 50% point in these distribu-
tions. Figure 6.2-3 illustrates the concept of such a JND test, showing five small
disks of increasing contrast (+2,4+4,46,+8,410) on three different backgrounds,
with contrasts 50, 100, and 200 on the 8-bit range [0,255].

Contrast Sensitivity Function

Another set of psychovisual experiments has determined what has come to be
regarded as the spatial frequency response of the HVS. In these experiments, a
uniform plane wave is presented to viewers at a given distance, and the angular period

FIGURE 6.2-2
A stimulus that can be used to test Weber’s law.

FIGURE 6.2-3
Equal increments at three different brightness values—50, 100, 200—on range [0,255].
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of the image focused on their retina is calculated. The question is at what intensity
does the plane wave (sometimes called an optical grating) first become visible. The
researcher then plots this value as a function of angular spatial frequency, expressed
in units of cycles/degree. These values are then averaged over many observers to
come up with a set of threshold values for the so-called standard observer. The recip-
rocal of this function is then taken as the human visual frequency response and called
the contrast sensitivity function (CSF), as seen plotted in Figure 6.2—4, reprinted from
[3, 4]. Of course, there must be a uniform background used that is of a prescribed
value, on account of Weber’s law. Otherwise the threshold would change. Also, for
very low spatial frequencies, the threshold value should be given by Weber’s obser-
vation, since he used a plain or flar background. The CSF is based on the assumption
that the above-threshold sensitivity of the HVS is the same as the threshold sensitiv-
ity. In fact, this may not be the case, but it is the current working assumption. Another
objection could be that the threshold may not be the same with two stimuli present
(i.e., the sum of two different plane waves). Nevertheless, with the so-called linear
hypothesis, we can weight a given disturbance presented to the HVS with a function
that is the reciprocal of these threshold values and effectively normalize them. If the
overall intensity is then gradually reduced, all the gratings will become invisible (not
noticeable to about 50% of human observers with normal acuity) at the same point.
In that sense then, the CSF is the frequency response of the HVS.

An often-referenced formula that well approximates this curve was obtained by

Mannos and Sakrison [5] and is expressed in terms of the frequency f, £ ./ f12 + f22 in

cycles/degree,
B
H(fr):A<a+%>eXp_<%> | frZO’

1000

Retinal illum.
900 Td
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+ 0.009

% 0.0009
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FIGURE 6.2-4
Contrast sensitivity measurements of van Ness and Bouman. (JOSA, 1967 [4])
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with A =2.6, « =0.0192, fy =8.772, and B8 = 1.1. (Here, f = w/2x.) In this for-
mula, the peak occurs at f, =8 (cycles/degree) and the function is normalized to
maximum value 1. A linear amplitude plot of this function is given in Figure 6.2-5.
Note that sensitivity is quite low at zero spatial frequency, so some kind of spatial
structure or texture is almost essential if a feature is to be noticed by our HVS.

Local Contrast Adaptation

In Figure 6.2-6 we see a pair of small squares, one on a light background and the
other on a dark background. While the small squares appear to have different gray
levels, in fact the gray levels are the same. This effect occurs because the HVS adapts
to surrounding brightness levels when it interprets the brightness of an object.

There is also a local contrast adaptation wherein the JND moves upward as the
background brightness moves away from the average contrast of the object. Such a
test can be performed via the approach sketched in Figure 6.2—7, where we note that
the small central square is split and slightly darker on the left. For most people, this
effect is more evident from the display on the left, where the contrast with the local
background is only slight. However, on the right the large local contrast with the local

Contrast sensitivity

Spatial frequency (cycles/degree)

FIGURE 6.2-5
Plot of the Mannos and Sakrison CSF [5].
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FIGURE 6.2-6
An illustration of the local adaptation property of the HVS.

FIGURE 6.2-7
[llustration of dependence of JND on local background brightness.

background makes this effect harder to perceive. Effectively, this means that the JIND
varies somewhat with local contrast, or said another way, there is some kind of local
masking effect.

TIME-VARIANT HUMAN VISUAL SYSTEM PROPERTIES

The same kind of psychovisual experiments used in the preceding discussion can
be employed to determine the visibility of time-variant features. By employing a
spatial plane wave grating and then modulating it sinusoidally over time, the con-
trast sensitivity of the HVS can be measured in a spatiotemporal sense. Plots of
experiments by Kelly (1979) [6] and (1971) [7], as reprinted by Barten [3], are
shown here. The first, Figure 6.3—1, shows slices of the spatiotemporal CSF plotted
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Spatiotemporal CSF from Kelly. (JOSA, 1979 [6])
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FIGURE 6.3-2

Temporal CSF with spatial parameter from Kelly. (JOSA, 1971 [71)

versus spatial frequency, with the slices at various temporal frequencies, over the
range 2 to 23 Hz. We see that maximum response occurs around 8 cycles/degree
(cpd) at 2 Hz. Also, we see no bandpass characteristic at the higher temporal fre-
quencies. Figure 6.3-2 shows slices of the CSF as measured by Kelly (1971) where
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there are two slices at spatial frequencies of 0 and 3 cpd, plotted versus temporal
frequency. Again, we see the bandpass characteristic at the very low spatial fre-
quency, while there is a lowpass characteristic at the higher spatial frequencies. Note
that the highest contrast sensitivity is at temporal frequency 0 and spatial frequency
3 cpd.

A 3-D perspective log plot of the spatiotemporal CSF was shown in Lam-
brecht and Kunt [8] and is reprinted in Figure 6.3-3. Note that these 3-D CSFs
are not separable functions. Note also that there is an order of magnitude difference
between the sensitivity at DC or origin and that at the peak of maybe about 10 Hz
and 6 cpd.

A summary comment is that the HVS seems to be sensitive to change, either
spatially or temporally, and that is what tends to get noticed. Lesser variations
tend to be ignored. These results can be used to perceptually weight various error
criteria for image and video signal processing, to produce a result more visually
pleasing. An excellent source for further study is the thesis monograph of Barten
[3]. Human visual perception is also covered in the review Chapter 8.2 by Pap-
pas et al. in Handbook of Image and Video Processing, 2nd Edition [9]. Basic
image processing techniques are also covered by Bovik in Chapter 2.1 of the same
handbook.
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A perspective plot of a spatiotemporal CSF from Lambrecht and Kunt (Image
Communication 1998 [8]) (normalized to 10).
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COLOR

The human eye itself is composed of an iris, a lens, and an imaging surface or retina.
The purpose of the iris is to let in the right amount of light to avoid either saturation
or under-illumination. The lens focuses this light on the retina, which is composed of
individual cones and rods. The rods are spread over a very large area of the retina but
at a considerably lower spatial density than the cones. These rods are of one type and
therefore can only provide a monochrome response. They are very sensitive to light,
though, and provide our main perception at dim light levels, such as at night or in a
very darkened room. This is why we do not perceive color outdoors at night.

The cones are deployed at higher density in a small central part of the retina
called the fovea. These cones are of three color efficiencies, responding roughly to
red, green, and blue. Labeling these luminous efficiencies as sg(1),sg(1), and sp(1),
we see the result of psychovisual experiments, sketched in Figure 6.4—1, with the
green and blue response being fairly distinct, and the red response perhaps being
more appropriately called yellow-green, overlapping considerably with the green.

We can then characterize the average human cone response to an incident flux
distribution p;(X) as

R= IC/pi()L)sR(A)dA, (6.4-1)
0

G= IC/pi()L)sG()»)d)», and (6.4-2)
0

B= IC/pi()L)sB(k)d)». (6.4-3)
0

100% + Blue Green Red

t t t t > A
460 540 620 700 (nm)

FIGURE 6.4-1

Sketch of average sensitivity functions of three types of color receptors (cones) in the fovea
of the human eye.
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These three equations are a linear model for color that is in accord with experimen-
tally observed Grassmann “laws” [10, 11] of color perception. As such, we have a
3-D subset of a function space with three basis functions, sg(1),sg(1), and sp(1). All
incident power densities p;(1) that have the same R, G, and B values as calculated in
(6.4-1 and 6.4-3) will have the same “color.” This set of power densities is then said
to be metameric, or of the same color [12].

Each such color [R,G,B] forms an equivalence class [11] in the linear space of
possible incident flux distributions p;(A) (i.e., a class of functions p, that all give the
same color perception). The three cone response functions are the basis for this space,
and [R, G, B] is the expression of the color in this basis. Note that this equivalence
class is not a linear subspace because of necessary positivity constraints. Indeed,
all the quantities in (6.4—1 through 6.4-3) must be nonnegative, and this leads to
difficulties in color matching between and among image sensors and displays.

In 1931 the CIE performed colorimetric experiments that defined three color-
matching functions for three narrowband primaries centered at R =435.8 nm,
G =546.1 nm, and B=700 nm [10]. These measured quantities are plotted in
Figure 6.4-2, where negative values indicate that color could not be matched with
the three chosen primaries. In these cases, the negative of the indicated value (now
positive) was added to the test color in order to make the match. For example, we
see in the figure that negative sg is indicated between about 440 and 550 nm. So if
we are trying to match a monochromatic color in this range, we cannot do it with
additional R. Instead, we add some R into that monochromatic test color, and in the
positive amount —R, to make a match. Mathematically, this is equivalent to using a
negative amount of primary R [10]. Subsequently, to avoid the negative values in
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FIGURE 6.4-2
CIE RGB color-matching (color sensitivity) functions (1931).
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FIGURE 6.4-3

CIE 1931 X,Y,Z color-matching functions (tristimulus values), also called x, ¥,z functions.

these basis (sensitivity) function curves, the CIE defined a linear transformation
on the color-matching functions that avoids the negative values, albeit now with
unrealizable primaries, yielding the so-called CIE XYZ color-matching functions
[10] that are in wide use to this day. These color-matching functions are plotted in
Figure 6.4-3.

The success of this color matching depends on keeping the background illu-
mination constant. This is because of local background adaptation, illustrated in
Figure 6.4-4, which shows two equal-colored blocks against light- and dark-colored
backgrounds. We can see the block on the left does not seem to exactly match
the color of the one on the right. The color background maintained by the CIE in
their experiments was an approximation of daylight, which is the 6500° blackbody
radiation D65 [10].

Chromaticity Values

Focusing just on chrominance, and neglecting luminance, we can form a so-called
chromaticity diagram made from the various tristimulus values by sweeping through
wavelength A and the plotting chromaticity (x,y):

XEX/X+Y+2),
YEY/X+Y+2).
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FIGURE 6.44
The small block has the same color in both sides of the figure.
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FIGURE 6.4-5
CIE 1931 chromaticity diagram of the standard observer.

The chromaticity diagram is thus a normalized plot of the color response of the CIE
1931 standard observer. Each point on the curved boundary line in Figure 6.4-5 is
plotted from the tristimulus values that result from a single-wavelength stimulus.
Taking the individual CIE 1931 XYZ color-matching values for each wavelength,
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we can make a plot as a hypothesized narrowband source sweeps across the visi-
ble wavelength 380 < A < 780 nm. The whitepoint is indicated for the D65 standard
illuminant available at the CIE Web site [13].

Color Processing

When the human eye is directly exposed to the light intensity, the CIE standard
observer provides a good indication of the visual system response, which we quan-
tify as XYZ or CIE RGB tristimulus values, the “color.” But when we place an image
sensor and image display device between the object and the observer, things change.
First, the typical image sensor has three color channels with their own sensitivity
curves, producing sensor R, G, B values Ry, By, G;. These values in turn are input to
an image display with typically three output colors with their own intensity curves.
The following example illustrates this situation.

|
Example 6.4-1: Color Image Sensed and Displayed

Consider a single color object that is photographed (sensed) and then displayed with the
color spectrum of Figure 6.4-6.

A Color object
100% +

50% T m

FIGURE 6.4-6

Wavelength spectrum of a color object.

While it is sensed, it is illuminated by a white light (i.e., a flat color spectrum) and
recorded with the image sensor’s sensitivity functions shown in Figure 6.4—7.

The resulting sensed R, B; G, values are the integrals of the point-by-point product of
these two curves [12]. Assuming no signal processing of these values, the display device
adds in its sensitivity curves based on its red, green, and blue light sources, with different
wavelength curves shown in Figure 6.4-8, and creates the displayed image.

Finally, the output light of the display device excites the HVS sensitivity curves that
we model as XYZ. After these various transformations, the human perceived color may be
much different than that which would have been perceived on direct viewing of the object.
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0 Image sensor responses
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FIGURE 6.4-7
Possible color sensor response functions.
4 Display color content
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FIGURE 6.4-8
Sketch of possible display color primaries.

Since we just have a solid color here, the main question is whether the single displayed
color is metameric to the original one. The displayed output will be a weighted combination
of the three display curves in Figure 6.4-8, which clearly cannot equal the object spectral
response shown in Figure 6.4-6. However, from the viewpoint of our linear XYZ model of
the HVS response, we just want the displayed color to be perceived as the same. For this
we need only for the integrals in (6.4-1), (6.4-2), and (6.4-3) to be the same, because
then, up to an approximation due to this linear model, the cones will output the same signal
as when the color object was directly perceived. Clearly, without careful choice of these
curves and scaling of their respective strengths, the perceived color will not be the same
more often than not. Careful calibration [10, 11] of the color display monitor is necessary.

An approximate solution to this problem is to white balance the system. In this
process, a pure white object is imaged first and then the system output R, G, and B values
are scaled so as to produce a white perception in the HVS of the (standard) viewer. The
actual signal captured by the camera may not be white because of possible (probable)
nonwhite illumination, but the scaling is to make the output image be perceived as white
when viewed in its display environment. [ |
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FIGURE 6.4-9

Spectral radiance functions from the R, G, and B channels of an LCD panel. (from [20]
©2002 IEEE)

You might guess that the color display problem would be simpler if the display
primaries were monochromatic, but this is usually not possible. Figure 6.4-9 shows
an example of the RGB display response functions of an LCD panel [14] circa 2002.
We see that red and green are rather impulsive, with blue being decidedly less so.

We can characterize the color spaces of such image input/output devices and relate
them to CIE XYZ space. These would be device-dependent color spaces and are often
proprietary.

COLOR SPACES

Some device-independent color spaces have become useful both for standardiza-
tion purposes and for evaluation of perceived color uniformity. A few of them are
presented here. First, we look at the CIELAB space that targets perceptual uni-
formity. Then we look at the so-called Rec. 709 color space of high-definition
television (HDTV) and the sRGB color space of digital photography and printing.
These device-independent color spaces can serve as common reference points when
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converting from the device-dependent color space of a scanner or camera to the
device-dependent color space of a display or printer. The industry-supported Interna-
tional Color Consortium (ICC) [15] specification permits device color management
systems to easily perform such conversions through a well-defined profile connection
space.

CIELAB

This color space is a nonlinear transformation on the CIE XYZ space with the purpose
of making the space more uniform with respect to human perceived color differences.
The CIELAB color coordinates are given as

L* 2 116£(Y/Y,) — 16,
a* £ 500 f(X/Xn) —f(Y/YD)],
b* £200[f(Y/Yn) —f(Z/Zy)].

Here, the X,,, Y, Z, are the tristimulus values of the reference white under a reference
illumination, and f is the pointwise nonlinearity

Foy 2 X173, x > 0.008856,
~ |7.787x+16/116, x < 0.008856.

The CIELAB space is often used for perceptual comparisons in image sci-
ence because a small change (|AL*|,|Aa*|,|Ab*|) has been found to have a much
more uniform perceptual effect [10] than does the corresponding small change
(JAX]|,|AY]|,|AZ]). This color space can be used to evaluate the color uniformity
of a color image display. It is an example of a nonlinear color space.

International Telecommunication Union (ITU) Recomendation 709

Another transformation from XYZ is specified in ITU Recommendation ITU-
R BT.709 [16] and is given by Poynton [17]. First, a linear transformation is
specified as

R709 [ 3.240479 —1.537150 —0.498535] [X
Gro9 | = | —0.969256 1.875992  0.041556 | | ¥
B709 | 0.055648 —0.204043 1.057311 | | Z

The inverse transformation is given as

X1 [0.412453 0.357580 0.1804237 [Rigo
Y| =1]0212671 0715160 0.072169 | | G7po | . (6.5-1)
Z| 0019334 0.119193 0.950277 | | Brgo
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These are linear RGB values—i.e., linear in terms of light intensity. Second, the ITU
Rec. 709 specification for HDTV puts forth the precise nonlinear function

= {45 x < 0.018,
X =11.099x04 —0.099, x> 0.018

to be applied to each linear R709, G709, and B7gg intensity domain value to produce
the more perceptually uniform components R, G5, and B, respectively:

Rio9 = g (R709), Ghgo = 8(G09), and Blyg = g (B709).

The inverse of this transform, performed (approximately) at the image display (video
monitor), is given as

l X /4.5, X <0.081,
1y , 1/0.45
g ) (x ]+8;)999> , ¥ >0.081.

Usually Rec. 709 color space means the nonlinear R, G54, B5q color space, rather
than the linear one, R709, G709, B709.

A related nonlinear color space is Rec. 709 Y’, Cp, Cg, defined via the transforma-
tion [18]

Y £ 0.2126R 0 + 0.7152Gh g0 + 0.0722B},
Cp 2 0.5389(BLg9 — Y500)s
Cr 2 0.6350(R) 0 — Y)go)-

The advantage of this space is efficiency, since the three Ry, G4, B5o channels are
highly correlated, while the Y’, Cp, Cg channels are approximately decorrelated. It is
used mainly in image data compression for storage and transmission purposes.

sRGB

In the SRGB color space, first, a matrix transformation [10, 11] is performed on CIE
XYZ tristimulus values:

R 3.2406 —1.5372 —-0.4986 || X
G| = |—-0.9689 1.8758 00415 (Y
B 0.0557 —0.2040 1.0570 | | Z

Then the following nonlinear transformation [10, 11] is applied:

0 2 12.92x, x < 0.0031308,
~ 11.055x941666 _ 0,055, 0.0031308 < x < 1.

The sRGB color space values then are R’ £ g(R),G’ £ g(G), and B' £ g(B). This
space is often referenced in color-still cameras and printing devices.

Both Rec. 709 and sSRGB nonlinear color spaces are much more perceptually uni-
form than is CIE XYZ but not nearly as uniform as CIELAB. Their main use is as
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standard intermediate color spaces for sharing images and video. In this way the cam-
era designer tries to optimize the camera for display in, say, the sSRGB space. Then
the color printer designer assumes that the input image is expressed in this space
and goes on to design the display system to do a good job of conversion between
the standard sSRGB space and the proprietary color space of that output device. These
standard color spaces then serve as an intermediate target for the manufacturers of the
various components in the image chain (i.e., camera, processor, coder, decoder, dis-
play, and printer). More on color representation and display is contained in Trussell’s
Chapter 8 of The Essential Guide to Image Processing [19].

IMAGE SENSORS AND DISPLAYS

In this section we will overview both electronic and film sensors, followed by a brief
introduction to image and video display devices.

Electronic Sensors

Electronic image sensors today are mainly solid state and of two types: charge-
coupled device (CCD) and coupled metal-oxide semiconductor (CMOS). At present,
CCD sensors tend to occupy the nitch of higher quality and cost, while CMOS sensors
generally have somewhat lower quality but at a much lower cost, having benefited
from extensive silicon memory technology. These sensors are present in virtually all
current video cameras as well as digital image cameras. They are generally charac-
terized by the number of pixels, today running up to a total of 16M pixels for widely
available still-image cameras and 36M for high-end professional still cameras. While
still image sensors read out their frames rather slowly (e.g., 1-10 frames per sec-
ond fps), video sensors must output their image frames at a faster rate (i.e., 24—100
fps), and so their pixel counts tend to be lower. Also, still-image sensors usually have
deeper charge wells and so accommodate a wider dynamic range, as measured in
f-stops” or bit depth, currently at 10 bits or more. For a digital still camera, access
to its 12- to 14-bit image sensor data is usually available only in the camera’s . raw
format that is typically prior to gamma compensation® and demosaicing. While the
format is company proprietary, there are intermediate standards such as .dng and
.t1ff/ep with converters widely available on the Internet. When . raw data is loss-
lessly compressed, the file size is much larger than typical JPEG or . jpg file outputs
that are normally gamma compensated, demosaiced, and of 8-bit depth on each color.

2The f-stops on a camera are measures of the aperature, or opening in front of the camera lens. Each
increment in f-stop results in a halving of the light intensity on the lens.
3Gamma compensation is a nonlinearity inserted by camera makers to compensate for an assumed
nonlinearity (x*>2) of display devices. See Gamma later in this section.
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In common digital still cameras today, there is only one sensor for all three
primary colors. A mosaic color filter called color filter array (CFA) is applied
to the front end of the imaging chip to effectively subsample the three colors.
An alternative, often used in video cameras, is a color prism and three imag-
ing chips, one for each of R, G, and B. A novel multilayer CMOS sensor [20]
has been developed that stacks R, G, and B pixels vertically and uses the wave-
length filtering properties of silicon to avoid the use of the relatively heavy and
cumbersome prism. However, it has not been widely accepted. Both of these solu-
tions have an advantage over the CFA sensor in that three-color information is
available at every pixel location, rather than only on a checkerboard pattern. Of
course, one can just put in more pixels to partially make up for the lost reso-
lution, but that usually means smaller pixels with lessened lowlight capability, if
the sensor size is kept constant. Nevertheless, it is the solution of choice for digi-
tal still cameras, and the CFA solution has recently moved into the realm of high-end
professional video cameras that use single large 35-mm size CMOS sensors.

The most widely used CFA is the Bayer array* [21] shown in Figure 6.6—1. We see
that a basic 2 x 2 cell is repeated to tile the sensor surface, effectively subsampling
each of the three color primaries R, G, and B. The Bayer CFA favors green, as does
the HVS, and it subsamples red and blue by a larger factor. The actual subsampling
of G is 2:1 on a diamond lattice, with R and B subsampled on offset 2 x 2 Cartesian
lattices. Some internal processing in the digital camera, called demosaicing, tries to
make up for the resulting aliasing, which can be controlled by a slightly defocused

FIGURE 6.6-1
2 x 2-pixel cell in Bayer CFA.

4Named for Bryce Bayer of Eastman Kodak Company, U.S. Patent No. 3,971,065, Color Imaging
Array, 1976.
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lens design. The in-camera postprocessing generally does a good job, but still, for
certain images with much high-frequency color information that is near periodic,
aliasing errors are visible [21]. Strictly speaking, the sensors do not really sample,
rather they count up photons inside a square or rectangular pixel, called the aperture
effect. As such, it can better be modeled as a box filter followed by an ideal sampler,
thus giving some small degree of lowpass filtering, which tends to suppress spatial
frequency alias energy.

The quality of an image sensor is also defined by what its light sensitivity is and
how much light it takes to saturate it. A large dynamic range for electronic image
sensors is difficult to achieve, without a large cell area to collect the light, hence
forcing a trade-off with pixel count for a given silicon area. The other variable is
exposure time. Generally, higher dynamic range can be achieved by lengthening the
exposure time, but that can lead to either motion blurring or too low a frame rate for
use in a video sensor. Large-format CMOS sensors use a Bayer filter array and have
no color prism. Because of their large size, they have deeper electron wells for a given
resolution, and hence larger dynamic range. Scientific or sCMOS sensors [22] have
been announced with dynamic ranges of 16 bits at 30 fps. These electronic image
sensors tend to provide an output that is linear in intensity, having simply counted
the photons coming in. Nevertheless, it is common for camera makers to put in a
nonlinearity to compensate for the nonlinearity of the previously common cathode
ray tube (CRT). This is the so-called gamma compensation function. We talk more
about gamma in a following section on image displays.

The sensor noise of CCD and CMOS tends to be photon counting related. First,
there is a background radiation giving a noise floor, typically assumed to be Poisson
distributed. Then the signal itself is simply modeled as a Poisson random variable,
with mean equal to the average input intensity, say A, at that pixel cell. A key charac-
teristic of the Poisson distribution is that the variance is equal to the mean, so that the
rms signal-to-noise ratio becomes A/+/A = +/A. This means the SNR is better at high
levels than at low levels, and the noise level itself is intensity dependent. For even
modest counts, the Poisson distribution can be approximated as Gaussian [23], with
mean A and standard deviation \/X, or what is the same, variance A. This means that
there is an additive noise in the intensity signal, but rather than being constant vari-
ance, it has a variance that depends on the intensity, a so-called intensity-modulated
white Gaussian noise.

Sensor Fill Factor

The image sensor usually does not have an active photon collecting area equal to
its footprint, giving rise to a ratio called sensor fill factor. If the fill factor is large,
this helps to reduce the aliasing due to spatially sampling the continuous image field.
However, if the fill factor is small, then some kind of anti-alias filtering should be
used. It can take the form of the camera lens, maybe slightly defocused, or there
can be some spatial lowpass filtering of the sensor output image to reduce the high
frequencies where aliasing is most likely to occur.
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Some high-resolution image sensors on digital still cameras also function as video
sensors with a reduced resolution. The reduced resolution can be obtained in two
ways. The preferable way would be to process the full-resolution image with a spa-
tial lowpass filter and then digitally subsample the result down to the lower desired
video resolution. An alternative, cheaper, and faster way is just to output the sub-
sampled sensor cells directly, however this can sometimes give rise to serious spatial
frequency aliasing error in highly detailed images. To provide some specific numbers
for this problem, as of this writing, an image sensor on a widely available digital still
camera may have about 4000-5000 pixels horizontally and 30004000 pixels verti-
cally. Typical high-definition (HD) video resolutions are around 2000 by 1000 pixels,
and standard definition (SD) resolutions are around 700 by 500 pixels. A 3:1 vertical
subsampling is commonly employed to achieve HD video frame rates (24-30 fps).
Serious spatial frequency aliasing errors have been reported on the video output from
such cameras. Camera operators have developed various “workarounds,” all related
to defocusing such aliased areas.

Film

The highest resolution and dynamic range image capture has historically been film
based. Images are captured on 70-mm film in IMAX cameras at resolutions in excess
of 8M x 6M pixels. The spatial resolution of conventional 35-mm movie film is gen-
erally thought to be in a range from 3M to 4M pixels across, depending on whether
we measure the camera negative or a so-called distribution print, which may be sev-
eral generations removed from the in-camera negative. Further, film has traditionally
excelled in dynamic range—that is, the ability to simultaneously resolve small dif-
ferences in gray level in both very bright and very dark regions. Because of Weber’s
law, the human eye is more sensitive to changes in the dark regions, where film gen-
erally has had an advantage over electronic sensors, although this is currently being
challenged by the latest solid-state sensors.

Digital images often were initially captured on film in an effort to achieve the
highest quality. The film is then scanned by a device that shines white light through
it and records the optical density of the film. There are various names for such a
device, including film scanner, microdensitometer, and telecine. Film is generally
characterized by a D —logE curve, where D is the film’s optical density and E is
exposure, defined as the time integral of intensity over the exposure time interval.
A typical D —logE curve is sketched in Figure 6.6-2. We see that there is a broad
linear range bordered by “saturation” in the bright region and “fog” in the dark region.
The linear part of the D — log E curve gives the useful dynamic range of the film, often
expressed in terms of f-stops. Note that density in the linear region of this curve is
quite similar to contrast as we have defined it in (6.2—1) and is therefore much more
nearly perceptually uniform than is intensity. Digitization of film is thus most often
done in the “density domain,” giving us effectively a record of contrast. Since film is
completely continuous, there is no spatial frequency aliasing to worry about, at least
neglecting its random grain structure.
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FIGURE 6.6-2
Sketch of the D —log E curve of film.

Film itself is composed of “grains” that have a probability of being “exposed”
when struck by an incoming photon. As such, film-like CCD and CMOS chips also
counts photons, both incoming from the imaged object and background radiation. The
fog area in Figure 6.6-2 corresponds to film grains exposed by this background radi-
ation. The saturation area in the D —logE curve corresponds to the situation where
most all the grains are already exposed, so a longer exposure time or greater average
incoming light intensity will not expose many more grains, and finally the density of
the film will not increase any further.

Image and Video Display

Images, once acquired and processed, can be displayed on many devices, both analog
and digital. In the “old” technology area, we have photographic prints and slides,
both positive and negative. In the classic video area, we have film projectors and
CRTs for electronic video, such as television. Modern technology involves electronic
projectors such as liquid crystal digital (LCD), liquid crystal on silicon (LCOS), and
digital light processing (DLP) and plasma. There are also flat-panel plasma displays
made using miniature tubes, as well as the ubiquitous smaller LCD panels used in
both stationary and portable computers. Each of these display categories has issues
that affect its use for a particular purpose (e.g., display resolution, frame rate, gamma,
dynamic range, noise level, color temperature). It can be said that no one display
technology is the best choice for all applications, so that careful choice of alternatives
is needed.

Common LCD displays are a transmissive technology and use a single cold cath-
ode fluorescent lamp (CCFL) light source behind the screen constituting a so-called
backlight. It is hard to obtain true black in such a situation because, even in the pixel
off-state, some light shines through the LCD panel. Recently, LED light sources have
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begun to replace the CCFL backlight due to reduced energy requirements and longer
lifetimes. A low-resolution array of LED pixels can be used to provide local dim-
ming behind a high-resolution LCD array for the purpose of increased perceived
dynamic range. Commonly, though, the LEDs are only arranged on the perimeter of
the LCD display, and this does not give any increase in perceived dynamic range; it
can, however, make the display thinner and more energy efficient.

Flicker was a problem with the CRT because the pixel was only illuminated
instantaneously followed by a rapid phosphor decay for the rest of the display cycle.
For solid-state displays, though, due to their constant pixel illumination, flicker is
not a problem. However, there is a new problem with judder, the discontinuous or
stepwise motion that can be perceived from these displays. While judder had been
seen in movie projectors, it is relatively unknown in CRT displays.

LCD displays are ubiquitous as computer monitors and image projectors offer
good spatial resolution and color rendition. They have had a problem with transient
response, which tends to leave a trail on the screen from moving objects, but this has
been largely addressed by 120 fps models (also called 120 Hz).

Plasma panels are very bright, and the technology can scale to large sizes, but
there can be visible noise in the dark regions due to the pulse-width modulation sys-
tem used in their gray-level display method. In a bright room, this is not usually a
problem. They tend to have the best dark levels, though, better than LCDs, which use
a transmissive technology.

In the projector area, very high spatial resolutions have been achieved by a variant
of LCOS in a 4K digital cinema projector. Another projection technology is DLP
chips that contain micromirrors at each pixel location. Each micromirror is tilted
under control of each digital pixel value to vary the amount of light thrown on the
screen for that pixel. It can offer both excellent black levels and transient response
in a properly designed projector. DLPs have also achieved 4K resolution, meaning a
resolution of 4K pixels horizontally and 2K or more vertically.

The CRT is still the only common device that directly displays interlaced video—
i.e., without deinterlacing it first. Since deinterlacing is not perfect, this is an
advantage for an interlaced source such as common SD video and HD 1080i. Today,
however, much program origination is done by progresive film and video cameras
(720p and 1080p) that well suit the now-common LCD and plasma displays.

Gamma
Until recently, the standard of digital image display was the CRT. These devices have
a nonlinear display characteristic, usually parameterized by y as follows:

—
I_vin’

where vy, is the CRT input voltage, [ is the light intensity output, and the gamma
value y usually ranges from 1.8 to 2.5. Because of this nonlinearity, and because of

SDeinterlacing is covered in Chapter 10.
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the widespread use of CRTs in the past, video camera manufacturers have routinely
implemented a gamma correction into their cameras for nominal value y = 2.2, thus
precompensating the camera output voltage as
Vout = Vlln/ )/'

Since vy, is proportional to I for a CCD or CMOS image sensor, this near square-root
function behaves somewhat similar to the log used in defining contrast, and so the
usual camera output is more nearly contrast than intensity. Modern flat panel display
devices are near linear and don’t need gamma compensation, however current models
implement the gamma nonlinearity in their processing chain.

Notice that film density has a useful response region, shown in Figure 6.6-2 that
is linear in exposure E. For constant intensity /, over a time interval 7, we then have
approximately, and in the linear region,

d =ylogl + dy,

so that film density is contrast-like also and thereby, via Weber’s law, obtains the
advantage of a more uniform perceptual space.

High Dynamic Range and Tone Mapping

The dynamic range of the human eye is quite large. Also the range of light intensities
seen in nature is much larger than that. Quantizing in density, we typically use 8 bits
for digital images and achieve only a window on what is possible. The term high
dynamic range (HDR) means imaging with more than 8 bits in contrast (density).
When images are viewed in a bright room, usually an HDR display is not required;
however, common viewing conditions for movie theaters involve darkened rooms
where the HDR range of human vision can be more fully addressed. For a full HDR
system, we need HDR cameras (sensors) as well as HDR displays/projectors. When
the full captured dynamic range cannot be displayed, a pointwise nonlinear function,
or tone mapping, is used to reduce the dyanmic range to fit the display and viewing
environment.

One way to acquire HDR images with a conventional camera is to take short and
long exposures in rapid succession. Some commonly available digital still and smart
phone cameras take this approach, tone mapping the result before storing in JPEG
format. Access to camera . raw files can permit higher dynamic range output from a
single exposure.

In the output area, and as mentioned earlier, HDR display is possible with LED
low-resolution backlight sandwidched with an LCD transmissive display [24]. This
way, the local brightness can be modulated to achieve higher dynamic range. In one
implementation, the LED array would be given the upper 8 bits of a local image
value, while the LCD array would show the detail in the lower 8 bits of the pixel
value. An HDR display based on this approach was introduced in 2005 [25], but has
not become widely available.
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CONCLUSIONS

The basic properties of images, sensors, displays, and the human visual system
(HVS) studied in this chapter are essential topics, providing a link between the multi-
dimensional signal processing of Chapters 1-5 and the image and video processing
of the following chapters. In the coming chapter, we will make use of several of these
properties for both image/video processing and compression.

PROBLEMS

1. One issue with the YCrCp color space comes from the constraint of positivity for
the corresponding RGB values.
(a) Using 10-bit values, the range of RGB data is [0, 1023]. What is the resulting
range for each of Y, Cg, and Cp?
(b) Does every point in the range you found in part (a) correspond to a valid RGB
value—i.e., a value in the range [0, 1023]?

2. From the Mannos and Sakrison human visual system (HVS) response function
shown in Figure 6.2-5 that is normalized to 1, how many pixels should there be
vertically on a 100-inch vertical screen when viewed at a distance of 3H (i.e., 300
inches)? At 6H? Assume we want the HVS response to be down to 0.01 at the

Nyquist frequency.
3. Assume the measured IND is Al =1 at I = 50. Hence,
Al
— =0.02.
1

Consider a range of intensities I = Iy = 1 to I = 100.

(a) If we quantize I with a fixed step size, what should this step size be so that the
quantization will not be noticeable? How many steps will there be to cover
the full range of intensities with this fixed step size? How many bits will this
require in a fixed length indexing of the quantizer outputs?

(b) If we instead quantize contrast

C =In(I/lo),

with a fixed step-size quantizer, what should AC be? How many steps are
needed? How many bits for fixed-length indexing of these values?

4. Referring to the three-channel theory of color vision (6.4—1)—(6.4-3), assume
three partially overlapping human visual response curves (luminous efficiencies)
sr(X), sg(1), and sp(X) are given. Let there be a camera with red, green, and blue
sensors with response functions s.z(A), s.g(%), and s.p(A), where the subscript ¢
indicates “camera.” Let the results captured by the camera be displayed with three
very narrow-wavelength beams, here modeled as monochromatic s(A) = &(1),
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additively superimposed, and centered at the wavelength peak of each of the
camera luminous efficiencies. Assuming white incident light (i.e., uniform inten-
sity at all wavelengths), what conditions are necessary so that we perceive the
same R, G, and B sensation as if we viewed the scene directly? Neglect any
nonlinear effects.

5. In “white balancing” a camera, we capture the image of a white card in the ambi-
ent light, yielding three R, G, and B values. We might like these three values to be
equal; however, because of the ambient light not being known, they may not be.
How should we modify these R, G, and B values to “balance” the camera in this
light? If the ambient light source changes, should we white balance the camera
again? Why?

6. Consider the “sampling” that a CCD or CMOS image sensor does, as reflected in
the input Fourier transform X (21, $2;). Assume the sensor is of infinite size and
that its pixel size is uniform and square with size 7' x T. Assume that, for each
pixel, the incoming light intensity (monochromatic) is integrated over the square
cell and that the sample value becomes this integral for each pixel (cell).

(a) Express the Fourier transform of the resulting sample values; call it
Xsensor (w1, w2) in terms of the continuous Fourier transform X (21, 2>).

(b) Assuming spatial frequency aliasing is not a problem, find the resulting
discrete-space transform Xgensor(@w1,®2) by specializing your result from
part (a).

7. Use MATLAB to compute the whitepoint of the CIE chromaticity diagram of
Figure 6.4-5 using the standard D65 illuminant available for download at the CIE
Web site [13]. Find and plot the R, G, and B points on the chromaticity diagram
corresponding to R = 435.8 nm, G = 546.1 nm, and B = 700 nm.

8. Use the column vectors in the linear color space transformation in (6.5-1) to
compute X, Y, Z values of the Rec. 709 spectral primaries. Then calculate the cor-
responding x,y values and plot them on the chromaticity diagram of Figure 6.4-5.
Finally, argue that the color gamut of Rec. 709 color space is a triangle with these
three points at vertices.

9. Redo problem 8 for the SRGB color space.
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CHAPTER

Image Enhancement
and Analysis

In this chapter we begin by looking at some simple image processing filters. Then
we will use some of them for image enhancement, generaly taken to mean improving
the image in some sense, such as less noise, sharp edges, good contrast, etc. Then we
move on to the problem of image analysis, meaning the extraction of structure and
other useful information from an image. We will first look at detection of lines and
edges and then briefly discuss the edge-linking problem that occurs when the located
edge pixels on an object boundary have gaps. We then raise our level of analysis
to objects and look at problems of image segmentation. Simple manual thresholding
is followed by the more powerful K-means algorithm. Segmented regions may be
disconnected, so we also look at region growing, a segmentation technique that uses
pixel location giving connected regions. Finally, we will briefly consider the problem
of detecting objects in an image.

SIMPLE IMAGE PROCESSING FILTERS

Here, we introduce a few basic image processing filters, some of which we will use
in later chapters, but all of these simple filters are used extensively in the practice
of image and video signal processing. These filters and more, with extensive pro-
cessed image examples, can be found in the image processing text by Gonzales and
Woods [1].!

Box Filter

Perhaps the simplest of the basic image processing filters is the box filter used to
perform linear averages over image regions. The most common size of box filter is
3 x 3, giving the finite impulse response (FIR) impulse response h(n1,n;) with mask

1
S P
91 1 1

IRichard Woods (no relation).

Multidimensional Signal, Image, and Video Processing and Coding. DOI: 10.1016/B978-0-12-381420-3.00007-2 2 23
(© 2012 Elsevier Inc. All rights reserved.
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where the n; axis is directed downward and the n; axis is directed across. In order
to make the lowpass filter zero-phase, we place the point (n1,7)7 = 0 at the center
of the matrix. Box filters come in all square and rectangular sizes, with the scaling
constant adjusted to create the average of these pixel values. From Chapter 1, the
Fourier transform or frequency response of the L; x L, box filter is given as

1 sinwiLi/2 sinwylo/2
LiLy sinwi/2 sinw;/2 ’

H(wi,w2) =

which is not a very good lowpass filter due to its large side lobes. Figure 7.1-1 shows
the DFT magnitude plot of a 3 x 3 box filter (see box.m in folder M-files on the
book’s Web site).

However, a box filter only requires LjL, additions and one multiply (divide) in
a straight-forward implementation and so is often used. Problem 1 at the end of this
chapter leads you to show how this filter can be implemented recursively to greatly
reduce the number of adds.
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FIGURE 7.1-1

Magnitude frequency response of a box filter obtained with 64 x 64 DFT in MATLAB.

Gaussian Filter

A simple Gaussian lowpass filter is given in terms of its impulse response as

h(ny,ny) =exp— (17 ( +n2)
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with approximate frequency response, over [—m,+m]?,
1
H(w1,w?2) = 2w exp —502 (w% + w%),

when o > 1. Since this impulse response has infinite support, it is truncated to a
finite L x L window centered on the origin. Usually the value of L must be large com-
pared to the box filter, but for this price we are guaranteed no ringing in the lowpass
output. A small 5 x 5 filter with approximate Gaussian shape has been suggested by
Burt and Adelson [2]. The filter is separable h(ny,n2) = h(ny)h (n2), with

04, n=0,
h(n) =40.25, n==+l,
0.05, n=4+2.

This filter has been extensively used for image smoothing to reduce both high-
frequency content and noise. It can also be applied recursively to create the so-called
Gaussian pyramid [2, 3].

Prewitt Operator

The Prewitt operator is an unscaled, first-order approximation to the gradient of a
supposed underlying continuous-space function x(¢1,#) computed as

ox N x(t1 + A, ) — x(t; — Aty,1)

dat 2AH ’
but given by a 3 x 3 FIR impulse response A(n1,n7) with mask”
-1 0 1
-1 0 1{,
-1 0 1

again centered on the origin to eliminate delay. Note that the Prewitt operator aver-
ages three first-order approximations to the gradient, from the three closest scan lines
of the image to reduce noise effects. The corresponding approximation of the vertical

gradient,
ox N x(t1,1p + A) — x(t1,1p — Ap)
ot 2AH ’
is given by the 3 x 3 FIR impulse response h(n1,n2) with mask
-1 -1 -1
0 0 O0f,
1 1 1

again centered on the origin to eliminate delay, and again with the n, axis directed
downwards and the n; axis directed across.

ZNote this does not match matrix notation. To do that would require a matrix transpose of this array.



|
226

CHAPTER 7 Image Enhancement and Analysis

Sobel Operator

The Sobel operator is a slight variation on the Prewitt operator, with horizontal and
vertical masks given as

-1 0 1 -1 -2 -1
-2 0 2| and 0 0 01,
-1 0 1 1 2 1

with the central row being weighted up to achieve some emphasis on the current row
or column.

Both the Sobel and Prewitt operators are used widely in image analysis [4] to
help locate edges in images. Location of edges in images can be a first step in image
understanding and object segmentation, where the output of these “edge detectors”
must be followed by some kind of regularization—i.e., smoothing, thinning, and gap
filling [1]. A plot of the imaginary part of the frequency response of the Sobel oper-
ator, centered on zero, is shown in Figure 7.1-2, with a contour plot in Figure 7.1-3.
We can see that the plots approximate a scaled version of the frequency function wj,
but only at low frequencies. In particular, the side lobes at high w, indicate that this
filter should only be used on lowpass data, or alternatively be used in combination
with a suitable lowpass filter to reduce these side lobes.

|H(k1, ko)l

FIGURE 7.1-2
Imaginary part of horizontal Sobel operator frequency response, obtained with 64 x 64 DFT.
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FIGURE 7.1-3

Contour plot of the imaginary part of horizontal Sobel operator, obtained with 64 x 64 DFT.

Laplacian Filter
In image processing, the name Laplacian filter often refers to the simple 3 x 3 FIR

filter
0 -1 0
—1 4 -1,
0 -1 0

used as a first-order approximation to the Laplacian of an assumed underlying
continuous-space function x(t1,#):

2x(t1,1)  0%x(11,1)

Vix(t),ty) =
(t1,12) 871, 070

The magnitude of the frequency response of this Laplacian filter is shown in
Figure 7.1-4, where again we note the reasonable approximation at low frequencies
only.

The zero-crossing property of the Laplacian filter can be used for edge location.
Often these derivative filters are applied to a smoothed function to avoid problems
with image noise amplification [1]. Another Laplacian approximation is available
using the Burt and Adelson Gaussian filter [2].
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FIGURE 7.1-4
Contour plot of the magnitude frequency response of the Laplacian filter.

IMAGE ENHANCEMENT

The goal of image enhancement is to improve an image in some manner, possibly
by reducing the visual noise content or sharpening a blurred image. In this section
we will look at two approaches, the first using linear filters and the second using a
nonlinear one known as the median filter.

Linear Filtering

We assume a 2-D FIR filter 4 of size M x M. For the case of additive noise distortion,
we take the noise w to be independent and Gaussian ~ N (0,02), so that the noisy
image is written as
y(ni,n2) = x(ni,n2) +w(ni,n).

The noisy sailboat image is shown in Figure 7.2—1 for additive noise standard devi-
ation o = 32 (variance o> = 1024), giving a mean square error (MSE) of 1024 with
respect to the noise-free image x.

To enhance this noisy image, we consider using a 2-D FIR filter / of size M x M
to produce the estimate X as

X(ni,m) = (h*y) (nm,n2).
Using the 3 x 3 box filter mentioned previously, we get the result shown in

Figure 7.2-2 with an MSE of 183. We see a smoothing effect on the image and a
reduction in the noise. After two passes through the box filter, we get the image in



7.2 Image Enhancement 229

FIGURE 7.2-1
Noisy sailboat (512 x 512) image with noise variance of 1024.

FIGURE 7.2-2
Output after 3 x 3 box filtering (filtered once).
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FIGURE 7.2-3
Output after two passes of 3 x 3 box filter.

Figure 7.2-3 showing more smoothing of the image structures along with a further
reduction in the noise and an MSE of 165. Note that repeated convolution with a
box filter will eventually result in an output very close to that of a finitesupport
approximation to a separable Gaussian kernel.

One way of thinking about these filters is that we are obtaining an approxima-
tion to the sample mean for the local data in its convolution window. Since the
sample mean minimizes the least-squares error [5], this approach is mathematically
motivated.

Filtering in Intensity Domain

Images are normally available after gamma compensation, what we loosely called
here the density domain. If we convert the gamma-compensated images (cf. Gamma
in Section 6.6) to an approximate intensity-domain image via

Xing = 22, (7.2-1)

we get the image shown in Figure 7.2—4. This image has too much contrast because
of the gamma nonlinearity that is part of the image display. However, we can try
filtering in this intensity domain and then convert back to density for purposes of
display. In that case, care must be taken since the noisy image y may have negative
values after we add the noise; thus we implement

Yint = Max(Yin, 0)2'2.

Performing box filtering on the intensity-domain image yin; and then converting
back to the density domain via the inverse of (7.2-1), we get the image shown in



7.2 Image Enhancement 231

FIGURE 7.2-4
Intensity domain image scaled for display.

Figure 7.2-5 after a single pass with an MSE of 267. The corresponding two-pass
output is then shown in Figure 7.2-6.

In general, linear filtering of images can be performed in either domain, or in
fact, on any nonlinear transformation of the image sensor data. Linear filtering in the
intensity domain is analogous to the filtering that can be performed using lenses via
the theory of Fourier optics [6]. But linear filtering in the density or contrast domain
may be thought more appropriate due to the often additive nature of the approximate
Gaussian nature of the noise there (e.g., photon noise and film grain noise). Still, and
as pointed out in Chapter 6, this additive noise will tend to have a signal-modulated
variance and therefore will not be strictly independent of the signal.

Often the actual nonlinear mapping used in gamma compensation is not known,
so a conversion back to intensity is not possible, and maybe not even advisable. For
this reason, most of the literature on image noise reduction treats filtering directly
upon the given data. This may be starting to change with the advent of so-called
.raw digital camera output, which often is the full range, say, 16-bit intensity
data.

Median Filtering

In addition to the mean, the median is often useful in simple image enhancement.
While the mean is the least-squares estimator of a data set, the median is the esti-
mate that minimizes the mean absolute error (MAE) [7]. The simple median filter
computes the median or middle number of the pixel values in a sliding square
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FIGURE 7.2-5

Result of 3 x 3 box filtering in intensity domain.

FIGURE 7.2-6

Result of two passes through the box filter in intensity domain.
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FIGURE 7.2-7
Output of 3 x 3 median filter applied once.

window. It is most easily seen in terms of an ordering operation followed by output
of the midvalue. Such nonlinear filters have been found to be much more difficult
to analyze than their linear counterparts. However, they produce significantly less
blurring of image features and produce good results for certain types of degrading
noises.

The image in Figure 7.2—7 shows the effect of 3 x 3 median filtering on the noisy
image in Figure 7.2—1, with resulting MSE of 238. We see that the visual effect of the
median filter is similar to that of the linear box filter, although the box filter has done
the better job of suppressing the Gaussian noise. If the noise distribution were very
different, though, there